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Abstract 

We compute higher-point superstring correlators involving spin fields in various even space-time dimen- 
sions D at tree-level and to arbitrary loop order. This generalizes previous work in D = 4 space-time 
dimensions. The main focus are D = 6,8 and D = 10 superstring compactifications for which cor- 
relation functions with four and more spin fields are computed. More precisely, we present every 
non- vanishing six-point function. A number of results can even be derived for arbitrary D. A closed 
formula for the correlators (V' • • • "(pSS) with any number of fermions and two spin fields S in D 
space-time dimensions is given for arbitrary genus. 

Moreover, in D = 6 and for arbitrary genus, we find a general formula for the correlators {SS . . . SS). 
The latter serve as basic building blocks to construct higher-point fermionic correlation functions. In 
D = 8 we can profit from the 50(8)-triality to derive further tree-level correlators with a large numbers 
of spin fields. 
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1 Introduction 



Multi-leg superstring amplitudes are of both considerable theoretical interest in the framework of a 
full-fledged superstring theory [1, 2, 3, 4] and of phenomenological relevance. Both tree- and higher- 
loop superstring amplitudes in diverse dimensions are important to test various aspects of duality 
symmetries relating different string vacua, see e.g. [5]. In addition, in D = 4 dimensions parton 
scattering may become relevant in describing corrections to jet cross sections from low string scale or 
large extra dimension physics [6, 7, 8]. Hence, it is essential to develop a detailed account of building 
blocks necessary to compute amplitudes in these scenarios. 

In the Ramond-Neveu-Schwarz (RNS) formalism of superstring theory, one of the main obstacles 
in computing amplitudes is the interacting nature of the Neveu-Schwarz fcrmion (NS) ip^ and the 
Ramond (R) spin field Sa- Since these fields enter the vertex operators the underlying super conformal 
field theory (SCFT) correlators are hard to obtain. Dimensional reduction from Z) = 10 to lower 
dimensions D < W organizes the RNS fields il)^,Sa,S^ into vector, scalar and spinor representations 
of the Lorentz group SO{l,D — 1). The calculation of various correlation functions involving these 
fields at arbitrary genus g in D = 6,8 and = 10 is the main purpose of this paper. 

In D = 4 space-time dimensions, the problem of computing SO{l, 3) covariant correlation functions 
involving vectors tp^^ and spinors Sa, has been solved in complete generality at tree-level [9] and for 
large classes of correlators on higher genus [10]. One motivation for this paper is to extend this work 
to D = 6, 8 and D = 10 space-time dimensions - both at tree-level and at higher genus. As we will 
explain later, many CFT results for the correlators involving the fields ijj^ and Sa, S^ can be obtained 
for arbitrary even dimension D = 2n. 

In even dimensions D = 2n, the covariant RNS fields can be represented by n independent copies 
of an SO{2) spin system {^f,sf}, i = 1, . . . ,n [11]. The fields have conformal weight h = 1/2 
and carry Ramond charge ±1, whereas the spin fields sf have weight 1/8 and Ramond charge ±1/2. 
Their interacting CFT can be understood by bosonization. We refer to [12, 13] for a discussion of the 
subtleties arising for spin systems on higher genus. Individual spin systems with all their correlation 
functions are well-understood on arbitrary genus [14, 15, 16]. Therefore all the following results have 
been calculated by making use of n SO{2) spin systems for D = 2n. 

Due to the group structure of SO{l, D — I) the technical challenges in handling several spin fields 
become more and more involved with increasing dimension D. In the language of spin models, the 
combinatorical possibilities how to combine the Ramond charges ib^, ±1 rapidly grows with the space- 
time dimension 2n and the number of SO{l,D — 1) spin fields involved in the correlator in question. 
For this reason, the generality of correlators given in this paper for different numbers of space-time 



3 



dimensions D decreases from D = 6 towards = 10, and only those cases with at most two spin fields 
can be treated in a universal way for arbitrary D. 

In non-compactified D = 10 superstring theory, the GSO projected fermion vertex in its canonical 
(— l/2)-ghost picture introduces only left-handed spin fields Sa of S'0(l,9). But picture changing in 
D = 10 as well as compactifying Sa to lower dimensional spinors introduce spin fields S'^ with right- 
handed chirality from the corresponding 5*0(1, 2n — 1) point of view. It is therefore essential to consider 
any chirality configuration in spin field correlations, regardless of D. 

For amplitudes involving gluons g and/or (anti-)gauginos %, % the necessary classes of RNS open 
string correlators to be computed are the same for every D. More precisely, for the tree-level N- gluon 
amplitude M.{gi---gN) the correlator {ipi ■ ■ . 1P2N-2) is required. Furthermore, for the amplitude 
■M{gi . . . gN XX) o^ie needs the correlator {ijji . . . ip2N-i S S) , while M.{gi . . . gN XXXX) involves the 
correlator {ijji . . . ^2Ar S S S S). At higher genus 5 7^ 0, at most 2g additional fields i/j'^ may enter the 
correlation functions due to the picture changing operators necessary to cancel the total superghost 
background charge of 2g — 2. In D = 4, 6, 8 and D = 10, color-stripped tree-level amplitudes of N 
gluons and only two masslcss fcrmions arc universal whether the fcrmions arc adjoint gaiiginos or chiral 
quarks and Icptons located at D-brane intersections [6, 7]. However, this statement generically fails 
at higher genus or in the presence of further fermion pairs. A similar observation is made for two 
fermion disk amplitudes involving massive higher spin excitations of gluons, quarks or gauginos [8, 17] 
- independent on D. 

An other important aspect of multi-leg correlators involving many spin fields arises when studying 
disk couplings of brane and bulk fields in superstring compactifications in the presence of NS and R 
fluxes [18]. These interactions are determined by computing the relevant disk amplitude involving open 
and closed string states. The latter can be reduced to disk amplitude of pure open strings [19]. 

It is instructive to give the schematic form of an A^-point multi-loop amplitude Aig{^i, ^n) of 
open string states $j at genus g (for more details see [20, 21, 22]): 



The only information about the SOFT of the internal geometry comes from the genus g partition 
function Z^'^'^^ and the internal CFT correlators Cint^- The internal part of the spin fields and their 

higher loop interactions depend on the conipactification details. They are not further discussed in 

The latter may be built in and described by some character valued partition function or elliptic genus [23, 24, 25, 26, 27, 28] 




X 



(3,6) 
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this work. The superghost contribution Cghost) on the other hand, is model independent and well- 
understood [29] . The space-time kinematics in the amplitude is determined by the correlation function 
built from the bosonic string coordinates X^^ and the correlators involving the RNS fields il)^,Sa-iS^. 
The latter give rise to non-trivial SO{l,D — 1) Lorentz structures in the amplitude. In these lines, 
the index / in (1.1) refers to a set of kinematical terms /C/, which originate from contractions of the 
space-time fields Xf^,ijj^, Sa, , i.e. from correlators with non-trivial Lorentz structure. We denote 
the dependence on {zi, Jl) associated with the contraction JCj by and g. 

Further steps towards computing the amplitude arc, first, the sum over spin structures (a, 6) of 
the partition function .Z^"'''^ as well as three (a, b) dependent correlation functions and, second, the 
integrals / ^^^^ over world-sheet positions and / '^^q over the genus g moduli space. The former 
can be performed by means of generalized Riemann identities [21, 30, 31, 32, 33, 34] whereas the latter 
still lacks a unified treatment and waits for investigation in future work. 

The organization of this work is as follows: We start in Section 2 by reviewing the RNS CFT in 
D dimensions and the genus g correlation functions of the underlying SO{2) spin models. In Section 
3, correlation functions with two spin fields and arl^itrary numbers of NS fcrmions arc generalized 
from D = 4 (see [9, 10]) to general D. From Section 4 to 6 we discuss correlators with four and 
more spin fields for the cases D = 6,8, 10. The D = 6-dimensional case in Section 4 still has a 
sufficiently simple group structure that it admits a general solution for 2A^-point correlation function 
(Yli^i '^ai{xi)S^'-{yi)). This is no longer possible in D = 8 dimensions, but as explained in Section 
5, the triality symmetry of the SO{8) Lorentz group simplifies the computation of many tree-level 
correlators with large numbers of spin fields. Both these simplifying features are absent in the non- 
compactified case D = 10. So Section 6 is a collection of correlators with a finite number of fields which 
can be computed with reasonable effort. In all these dimension D = 6,8, 10, we have computed every 
six-point function (with every possible combination of ijj^, Sa, S^^) on arbitrary genus. Two appendices 
provide technical details of manipulating gamma matrices. 

2 Review 

2.1 The RNS CFT in even dimensions D 

Let us first of all introduce the interacting CFT of the Neveu-Schwarz fermion ip'^ with the Ramond 
spin fields Sa,S^ in even space-time dimension D [35, 36, 11]. For this purpose, the Dirac notation 
(r'^)^-^ for gamma matrices and spin fields Sa = Sa® S^ is most convenient. See Appendix A.l for 
details of the decomposition into chiral halves. 
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The singular behavior of the NS fermions as well as the interaction between fermions and spin fields 
are insensitive to the number of dimensions we are working in: 

i^f'iz) r{w) = + ... , (2.1a) 

^^^{z) Sa{w) = {z - w)-'/^ Sb{w) + .... (2.1b) 

On the other hand, conformal weights and therefore the mutual short distance behavior of the spin fields 
do depend on the dimensionality. The most singular term of the D-dimensional spin field self-OPE 
depends on the relative chirality of the spin fields. This is why we display two contributions^: 

Sa{z)Sb{w) = iz-w)-^/'CAB + ^^^^^iz-w)-^/' + '/'M^) + ■■■■ (2-2) 
Depending on the chiral structure of the charge conjugation matrix C, we obtain different scenarios: 

• D = mod 4 OPEs 

Saiz)S^{w) = iz-w)-^/^Ca^ + ... , (2.3a) 

Sc.{z)SP{w) = {z-w)-^f' + '/^Mw) + ... , (2.3b) 
v2 

• D = 2 mod 4 OPEs 

Sa{z)S^{w) = {z-wY^'^cj + ... , (2.4a) 

S^{z) S^iw) = ^^^"-^ (z - ^.)-^/8+V2 ^^(^) + . . . . (2.4b) 

It is still possible to factorize fermions like in four dimensions [9] by multiplying the OPE (2.2) with 
{C-^V)^^. Using Trfr'^r'^} = we conclude 

iP^iw) = -2^^-^')/^C-^r^f^ lira{z-w)^/^-^/^ Sa{z)Sb{w) . (2.5) 

In particular, the chiral trace relation Tr{7^7''} = —2^^~'^^f'^r]^^^ admits to invert the two subcases 
(2.3b) and (2.4b): 

iC-^l^)fi" Sa{z)S^{w) : D = 0mod4, 



^f'iw) = -2(3-^)/2 lim(z-i(;)^/8-V2 



X < 



(2.6) 

{C~'^^^f'^ Soc{z)S^{w) : D = 2 mod 4. 
However, one must admit that this factorization technique, which was essential in solving the D = 4 
case [9, 10] loses its efficiency for computing unknown correlators with increasing dimension because 
the spinor representations become more and more complex in higher dimensions. This can be seen best 
by comparing the dimension D of the vector representation of 50(1, D — 1) with the number 2^^~^^/^ 
of Weyl spinor components - exponential growth of the spinor clearly dominates over linear growth of 
the vector. 

^Here we are redefining the spin fields by a factor of i relative to the convention of [9] in order to avoid proliferation of 
minus signs. For comparison with this reference, correlators with 2n spin fields need to be multiplied by (— !)"• 
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2.2 Spin system correlators and theta functions 

Correlations functions of the NS fermions and the R spin fields S'q, in = 2n dimensions can be 
assembled out of the S0{2) spin system as discussed in [14, 15, 16], one needs n independent copies of 
the 5*0(2) spin system {^^, sf}, i = 1, . . . ,n. The fields are conformal fields of dimension h = 1/2 
and carry Ramond charge ±1, whereas the spin fields sf have h = 1/8 and Ramond charge ±1/2. The 
from the spin system are the Cartan-Weyl representation of the SO{l, D — 1) vector tpf^ 

i^''-\z) = -L (^+(^) + ^^r(^)), (2.7a) 

i^^'iz) ^ -l-(*+(^)-*-(^)), (2.7b) 
whereas the R spin fields can be written as 

Sa{z) = l^sfiz). (2.8) 



n 
i=l 



Since each of the n Ramond charges can be chosen independently, there are 2" = 2^/^ such operators. 
This coincides with the number of components of a Dirac spinor in D dimensions. We take the 
convention that operators with an even number of operators are left-handed, whereas those with 
an odd number are right-handed. Correlation functions of S0{1, D — 1) covariant RNS fields factorize 
into correlators of a single spin system. 

Generalized theta functions [30, 31, 32] are the natural objects to express correlation functions at 
non-zero genus. They assure the required periodicity along the homology cycles of the g-loop string 
world-sheet. They can be derived from 

e{x\n) = exp [2Tri (| nfin + nx)] (2.9) 

by shifting the first argument according to some spin structure (a, 6): 

@f{x\n) = exp \^2TTi (^laUa + ^ax + lab^ 6 + | + ^ | 

= ^ exp m (n + fj n (n + fj + 2m {n + f ) + f ) • (2.10) 

In our situations, the gi-dimensional vectors a, h with entries zero or one characterize the periodicity of 
the fermion fields along the 2g homology cycles of the Riemann surface. The second argument of is 
the g X g period matrix J7. 

We parametrize the two-dimensional string world-sheet by a complex coordinate z. The Abel 
map z JpUJ lifts z to the Jacobian variety of the world-sheet C^/(Z^ -|- fiZ^). These integrals are 
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then natural arguments for the theta function. The periodicity properties of the theta function under 
transport of z around a homology cycle are summarized in Appendix A of [10]. 

An important expression constructed out of the generalized theta functions is the prime form 

E{z,w)^ ^"^^"J \ (2.11) 
bo bo 

where (ao,6o) is an arbitrary odd spin structure such that E{z,w) = —E{w,z). The half differentials 

hi° in the denominator are defined by 

bo 



^ A E {0\n) . (2.12) 

They assure that E is independent of the choice of {clq, bo) as long as it is odd. Given the leading 
behaviour E{z, w) ~ z—w + 0(^{z—w)^) , singularities in correlation functions are caused by appropriate 
powers of prime forms. 

Using these expressions, the correlator of an arbitrary number of fermions and spin fields s"^ of 
an SO{2) spin model can be derived for every loop order g [16] 

\i=i j=i k=i 1=1 v iu=iiij=i^{^j^yi) ) 

^ ( Kis'Eiur.n,) \\':^^,E(y,.vs) \ ( w% nfii ^K. z,) nfii nll\ ^(^^ yo V^' 
V n£i nil\ Eivu n,) ) l^nil\ n£i ^iu^. vi) x\% nil\ e(vu zj)) 

X ©gUE/'^-sE/'^-E/'^ + E/'^ • (2-13) 

^ ^ V i=i^' i=if fc=if 1=1 p J 

Due to Ramond charge conservation ^(A'^i— — -^3+-^4 = 0, the arbitrary reference point p appearing 
in the Abel map drops out. In the following we make use of the shorthands Eij = E{zi, zj) and, from 
section 4 on, 

^ IZl Zm Zn J / 

Note in particular that the factor | in the argument of 92 - which is ubiquitous in presence of spin 
fields - will always be implicit. 

Considerable simplifications occur for g = or 51 = 1, i.e. scattering at tree-level or one loop. For 
g = 1 the period matrix reduces to the modular parameter r of the torus and the theta functions 
become the standard ones: 

ei = @l, e2 = @l, 03 = ©"0, 04 = e°. (2.15) 

On a ^ = world-sheet, the spin structure dependent theta functions trivialize, 0S ^ 1, and the prime 
form reduces to E{z, w) z — w. 
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2.3 The algorithm 

With the background on spin systems in mind, we can now calculate RNS correlation functions 
. . . ^'^^ Sai ■ ■ ■ Sa^n S^'^ . . . S^")'i for specific choices of ^Uj, Oj and /3j by organizing the RNS fields 
into their spin system content via (2.7), (2.8) and applying (2.13) for the n individual SO{2) correlators. 
The final goal is to express the results in a covariant form, i.e. in terms of Clebsch-Gordan coefficients. 
These are built from gamma matrices and the charge conjugation matrix and hence carry all the vector 
and spinor indices. They can be viewed as S'0(1, 2n — 1) covariant Ramond charge conserving delta 
functions, schematically C^^ ^ 5{a + (3) and {j^C)a^ ^ d{fi + a + $) where iJ,, a, (5, $ are treated as n 
component Ramond charge vectors such as /i = (0, ±1, 0, . . . , 0) and a = (ib|, . . . , 

As a starting point we make an ansatz for the correlation function with a minimal set of Clebsch- 
Gordan coefficients. Each of these index terms is accompanied by a z-dependent coefficient consisting 
of prime forms E and theta functions 62. The results obtained for special choices of Ui, ai and $i have 
to be matched with this ansatz. It is most economic to first look at configurations {^i,ai,$i) where 
only one tensor is non-zero. Then the loop-level result (2.13) yields the coefficient for the respective 
index term. In some cases, however, it is not possible to make all Clcbsch Gordan coefficients vanish 
except for one, then more than one index term contributes for every choice of (^Uj, Oj, /3j). Then, it 
can be helpful to switch to different Lorenz tensors which are (anti-) symmetric in some vector- or 
spinor indices, see Appendix A. 2. In other cases, Fay's trisecant identities [30, 10] have to be used to 
determine the unknown coefficients. Sign issues can be resolved by calculating certain limits Zi zj 
at tree-level using the RNS OPEs (2.3) or (2.4). 

Let us illustrate this procedure with an easy example, the correlation function {i/j^^tp'^ijj^SaSis)^ in 
D = 6 dimensions. A convenient ansatz in terms of four Clebsch-Gordan coefficients is 

{r{zi)r{z2)i^\z3)Saiz^)S0{z,))i = F^{z){r''^cu 

+ F2{z)r,''''ij^CU + Fs{z)r,''^{j''CU + F^{z) v'^^l'^ ■ (2.16) 

The task is now to determine Fi, F2, F^, F4 by making several choices for /j,, v, A, a, 13. 

The coefficient Fi can easily be obtained by setting = 0, u = 2, X = A. As the metric rj is 
diagonal all the other index terms vanish for this configuration. Then by means of (2.7) the NS 
fermions become {ip'^, ijj", ijj^) = (*^ -|- + ^21 + *3 ) choose for the spin fields 

Sa = Sf) = (s^, §2 ) S3 )• Hence we have to calculate 

^ ((*+ + *r)(^l) 4(^4) St{z,))l ((*+ + *2 )(^2) S^iz,) S^iz,))! ((*+ + ^^){ZS) .3(^4) S^{Z,))I . 

(2.17) 

Due to Ramond charge conservations ^^{zi), ^'3 (2^2) and ^'3 (23) drop out and by using (2.13) we 
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obtain the coefficient Fi up to a sign 

Fi = ± ^ ' ^ ^ . (2.18) 

2 V2 [e|(0)] (Ei4 £;i5 ^24 ^25 ^34 ^35)^" 

Tlie coefficient F2 can be determined in a similar way by setting ji = v = \ = 2 and Sa = (si^, 82,82^), 
— (^f'^J'^s )■ other tensor than r]^'^ {l^C)^^ contributes as the metric is diagonal and 7^^^^ 
totally antisymmetric. One finds that the results consists of two terms due to the two in-equivalent 
fermion configurations ^f{zi) *J"(^2) and '^'[{zi) ^^{z2) in the first spin system. 

^ ^ Qg[Ii]eg[t] {Er,E,,el[iii] + i^i5^24ef[yi]) 

2 V2 [62(0)] ' £;i2 (^14 £^15 ^24 £^25 ^34 £^35) V' £^l5^ 

The remaining Zi functions F3 and F4 follow from F2 by permutation in the vector indices and the 
(1,2,3) labels. 

The signs of the individual coefficients are easily fixed by requiring ^{4'^{z3)Sa{z4)S0{z5))'i to 

emerge in the zi Z2 limit or ^^''^4"^ {i^^ {zi)ip'^ {Z2) {z^)'4' p{z^)) in the z^ — >■ z^ limit for instance. 

^45 



3 Universal correlators: Two spin fields 

Correlators of type {tp^''- ...il)^" SaSjs) and (-i/;^^ • • .ip^" SaS^) have been calculated in full generality for 
D = A dimensions in [9, 10]. It turns out that their structure is almost unchanged in higher dimensions. 
The only thing we have to pay attention to is the relative chirality of spin fields in non-zero correlations, 
but this subtlety can be bypassed in Dirac spinor notation, see our final result (3.15) and (3.16) for 
general even D. 



3.1 The four-dimensional result 

In four dimensions, correlators {ip'^SS) with an odd number n G 2N— 1 of fermions require spin fields of 
opposite chirality for a non- vanishing result. In [10], it was shown by induction that these 2n+ 1-point 
functions are given as follows: 
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^in:D=l)" ■■= (Zl) {Z2) ... r'"-' (^2n-l) SaizA) (zb))! 



D=4 



2-n 



n-1 



Eab 



^282(0)02(0) n-:r'(£^^A^.B)V2 ^ V2e|(|/4-c3), 
X sgn(p) (a^pd) ...^'^''(2^) a'^pCs^+D e)^^ H ®H ^ 7 + I 7 

X ii Ep^2e+2j),AEp(2e+2j+i),BQ1[ I Ld+^lu\. (3.1) 

fJi ^p{2l+2j),p{2i+2j+l) \Zp(2t.+2j+l) ZB ) 



Their relatives with even number of NS fermions and two ahke spin fields read 



a; 



/il.../i2n-2 

(n,i:»=4) " 



^(Z,) := {r'{z^)r'{z2)...r''-\z2n-2)S^{zA)Sf,{zB))l 



D=4 



3— n 



n-1 

E 



e2lO)G|(0)<J n-:r'(^.AS^B)V2 

J2 sgn(p) (a'^.(i) ...a^^(^^) e)^^ fl ®f ( 5 T + 5 T A 



P&S2n-2/ Qn,e 

n-e-1 



n 



Pp(2e+2j-i)P-p(2e+2j) 



^p(2e+2j-i) 



Ep(2i+23-l),A Ep(2e+2j),B ©g / W + | / W 



j=l ^Pi2i+2i-l),p(2i+2j) \ Zpi2t+2j) ZB 



(3.2) 



We are using the notation from Wess k, Bagger for the four-dimensional Clebsch-Gordan coefficients. 
They fit into our £)-dimensional framework via = 7^^|£,^4 and = Cai3\j^^^- 

The summation ranges p G S2n-i/'Pn,i and p € S2n-2/ Qn,t certainly require some explanation. 
The conventions are taken from [9] where a more exhaustive presentation can be found. Formally, we 
define 

S2n-l/Vn,i = {p^ S2n-1 : p{l) < p{2) < ... < p(2^ + 1) , 

p(2£ + 2j) </>(2^ + 2j + l) V j = l,2,...,n-£-l , 

p{2e + 3) < p{2i + 5) < ... < p{2n - 1)} , (3.3a) 

S2n-2/Qn/ = {p & S2n-2 : p(l) < p{2) < ... < pi2£) , 

pi2i + 2j - 1) < pi2i + 2j) V i = 1, 2, n-i-1, 

p{2e + 2) < p{2i + 4) < ... < p{2n - 2)} . (3.3b) 

In other words, the sums over S2n-i/'Pn,e- and <S'2n-2/ Qn,e in (3.1) and (3.2) run over those permutations 
p of (1, 2, 2n — 1) or (1, 2, 2n — 2) which satisfy the following constraints: 
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• Only ordered a products are summed over: The indices /Xp(j) attached to a chain of a matrices are 
increasingly ordered, e.g. whenever the product a^p(.i)a^pU)a^p{k) appears, the sub-indices satisfy 
p{i) < p{j) < p{k). 

• On each metric r]^p(i)^pO) the first index is the "lower" one, i.e. p{i) < p{j). 

• Products of several ry's are not double counted. So once we get r)^p(i)^^pU)r)'^pW^^pW , the term 
■qiJ-p(k)iJ'p(i)^t^p(i)t^p(j) does not appear. 

These restrictions on the occurring S2n-i (or 8271-2) elements are abbreviated by a quotient Vn,l and 
Qn/. The subgroups removed from S2n-i {S2n-2) are 52^+1 x S^-t-i x (S'2)"~^~^ and S21 x Sn-i-i x 
{82)'^^^^'^ respectively, therefore the number of terms in (3.1) and (3.2) at fixed (n, ^) is given by 

(2n — 1)' 

\S2n-i/Vn,t\ = ^2£ + l)\{n-£-l)\2n-i-^ ' (^-^^^ 

\S2n-2/QnA = (2£)! (n -V ^1)! 2-^-1 " ^^"^^^ 

To have some easy examples, let us explicitly evaluate the sums over S2n-i/'Pn,t and 82x1-2/ Qn,t 
occurring in the five- and six-point functions {ip'^ip'^ip^SaS'^) and {■ip'^il^''ip^ipfSaSfj). The formula 
(3.1), applied to n = 2, schematically tell us that (up to a z dependent pre- factor) 

1 

ir^r^r'SaS^) - J2 H sgn(p)(c7'^''«...a'*''(^^+^)e)//;(z.) 



+ ia'^' a^"^ a^"^ s)J f^lf\ (3.5) 



P&S3/V2, 

with Zij dependencies 



2 J 

Z5 



Z4 



= ef (i I a + 1 ef (/ ^ + 1 

-C'12 " V 2:3 Z3 J " \Z2 

=-^e|(.?...?.)e|(7...?.), 

Equation (3.2) for n = 3 is expanded as 

2 

{^f^ ^t^3 5^ 5^) ^ ^ ^ sgn(p) (a/^Pd) ^'^"(2) ... a^^^f^^) e)^^ 5^ 

^=0 pGS4/Q3,e 
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F o 77^1/^2 r?''3/*4 „(1234) _ ^MiMs „(1324) , „^l2^■3 „Mi/*4 „(2314) 



(1234) 
,M1M4 „(2314) 

(1234) 



,M2/^4 ^^(1324) 
(2413) 



^(1423) 
1 

(3412) 



The associated world-sheet functions g'^ can be found in equation (4.6) of [10]. 



(3.7) 



3.2 Generalization to higher even dimension D 

The generalization of correlation functions (i/j'^SS) to even space-time dimensions D > 4 only requires 
minor modifications, basically multiplication with the minimal spin system correlator 

1 



d / 1 



(3.8) 



The first higher dimensional analogue of the D = 4 results ^1^^";^l2) ^ ^^'^ '^(n rfcl) ^ ^^^^ 
same chirality structures occurs in D = 8 dimensions: 



^in:D=S)" ■■= iV'izi) r'{z2) ... V'^^"-(^2n-l) Sa{zA) {zb))I 



D=8 



A-n 



n-1 



2e+i 



k=l 



X sgn(p) {j^'pW 7''p(2) J^'pi^e+^) C)^^ 11 ®f ( ^ T + 5 7 

n-e-i 



OJ 



p(k) 



X 



n 



,/^p(2<?+2j)Mp{2<?+2j + l) 



p(2<!+2j) 



>(2£+2i),p(2£+2i+l) 



l^p(2«+23+l) 



^p(2^+2j),A ^p(2^+2j+l),B ©5 { _ / Uj + I f Uj 



[02(0)] ^4/, 



J QM1---M2n-1 /3/„.\ 

1/2 ''(n,D=4) a '^^V : 



,Ml.--M2n-2 
(n,D=8) " 



^^(Zi) := {r'{z,)r'{z2)...r'-'{z2n-2)Sa{zA)Sf,{zB))l 



D=8 



5—n 



n-1 



Eab 



[eim'EAB U^ZfiEiAE^sYf' to V2e2(l/|-d;). 

J2 sgn(p) (7'^^(^) T'^^t^) ...r"^''^ C) f[ es ( i 7 7 A 



P&S2n-2/Qn,i 

n-e-1 



n ^ 

j=i ^p{2e+2j-i),p(2e+2j) 



^ / Zp(2e+2j-i) 



^p(2e+2j) 



Ep{2e+2j-l),A Ep{2i+2j),B ©5 ( i" i2 + \ ! OJ 



(3.9) 



Ml---M2n-2 



[02(0)]^^^^ 



2 j^l/2 '^(n,D=4) 



«/3(2i) • 



(3.10) 
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In D = 6 and D = 10 dimensions, an odd number of NS fermions requires alike spin fields SaSp 
for nonzero correlations (and correspondingly, spin fields of opposite chirality SaS^ are needed for an 
even number of fermions t/j'^'^): 



D=6 



3—n 



n-1 

E 



Eab 



X ^ sgn(/9) (jI^pW jI^p(^) ...jI^p(^^) jiJ'p(2e+i) 

P&S2n-l/'Pn,e 
n-e-1 

- n 



c)a0 n 0f u / - + i / - 

k=l \ / 



n 



/^p(2<+2j)Mp(2f+2i+l) 



E 



Ep{2e.+2j),AEp{2i+2j+l),BQl[ I ^ 



(3.11) 



CO 



{n,D=6) 



J{Zi) := {rH^l)rHz2)...r'''-'{z2n-2)Sa{zA)S^{zB))l 



D=6 



4— n 



n-1 



Eab 



21 



X ^^<p) i^'"-'' n ®! 1 5 J ^ + \ 7 



X 



n 



77' 



,Mp(2f+2j-l)Mp(2<+2j) 



2p{2^+2i-l) 



^p(2^+2j-i),A Ep^2e+2j),B ©J I / a; + I / w 



(3.12) 



j[ Ep{2e+2j-i),p{2e+2j) 

In progressing towards D = 10 dimensions, two additional factors of (3.8) for the extra spin systems 
appear: 



D=10 



5— n 



ra-1 

E 



Eab 



^nQp)fETB I^11-^\e,aE,bY/- to V2©f (^/.-'^) 

2^+1 / 2^ zs \ 

sgn(p) (t'^.CD 7^^.(2) ...7''P(20 7Mp(2.+i) c)^ H ®? U / + 5 / 

k=l \ ^pC'^ ^pW J 



jjHp(2e+2j)P'p(2e+2j+i) ^ 
X J^J^ En('ye_^')^\ A Er,(').f4-')A4-^\ nQr 



' 2p(2<+2j) 
/ 

^^p(2e+2j+i) 



L p -p(2^+2i),A-C'p(2£+2i+l),S '-'g 

^■=1 -E^p(2€+2j),p(2^+2j+l) ' " 

{i;'''{zi)r'{z2)...^^'"-Hz2n-2)Sa{zA)Sf'izB))l 



^ ' 



(3.13) 



Ml---M2n-2 /i/ . 

'^(n,£>=10) " '^^^ 



D=10 



6— n 



n-1 



[Qim'E'J^ UtfiE,AE,B)y^ to V2e?(l/-a;) 



E ^Sn(p) ( 



2£ 



P&S2n-2/Qn,i 



k=l 



Zp(k) 



Zp{k) 
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n-e-1 



n 



,Mp(2f+2j-l)Mp(2€+2j) 



1 Ep{2e+2j-l),p{2e+2j) 



p{2e+2j-l),A Ep(2e+2j),B '^g 



G2 



J UJ + ^ J u 



(3.14) 



To describe both chirality structures in a unified manner, we have to use Dirac spinor notation with 
indices k = {k,'^}, see Appendix A.l. Then, our previous results for D = 4,6,8,10 for (■(/'" 55) 
generahze as foUows to even dimensions D: 



n 



f;-^7"-^i.L(^^) := {rHzi)r'{Z2)...r'-Hz2n-l)SK{zA)SUzB))l 



D/2-n 



n-1 



Eab 



V2 [GS(0)]^/^^J/«-^/^ I]!Z^\E,AE,By/^ to V2ef(i/-d;). 

^ sgn(io) (r^pd) r''p(2) ...r^^pca^) r'^p(2*+i)c)^^ n®? U ^ ^ + h I ^] 



peS2n-l/V, 

^^^p{2t+23)^^p(2t+23+l) 



n 



X 

Ul.../i27x-2 



>(2^+2i),p(2£+2i+l) 



^p(2^+2j),A Ep(2t+2j+l),B 0f 



' 2:p(2^+2j) 2^ 

/ (J + 2 / a; 

l2p{2£+2j + l) , 



(3.15) 



<D) ^= (V'^K^l)V''^^(^2)...V''^^"-^(^2n-2)5K(zA)5i(zB))2 

D/2+l-n 



n-1 



[G2(0)]^/^^J/« n?:r^(^M^.B)V2 S V2e5(i/-a;), 

^ sgn(p) (r'^p(i) r^.(2) ... r''.(2^) C)^^ H l / a; + ^ 7 u; ] 



P&S2n-2/Qn,t 

n-e-1 



.^^p{2^+2j-l)^>■p(2^+2j) 



n ^ 

•=1 -t.p(2£+2j-l),p(2^+2j) 



p(2«+2j-l),A ^p{2e+2j),B 



2p(2^+2i-l) 



(3.16) 



Zp(2^+23) 



The proof in D dimensions can be carried over almost literally from the four-dimensional case in [10]. 

I D/2 



The only explicit D dependence lies in the pre-factors 



[e2(o) 



,D/8-l/2 



and 



[03(0) 



I -D/2 



,D/8 



which are designed to match the leading za zb behavior in the OPE of Sk{za)Sl{zb), see (2.2). 



4 Four and more spin fields in = 6 

In this section we first give the results for all = 6 correlators involving four or more spin fields up to 
six-point level. Later, we generalize to correlators of the type ((5^ 5''^)^)^ and provide an explicit for- 
mula for arbitrary N. These correlation functions are important because a variety of correlators involv- 
ing fermions can be derived from them by means of the factorization prescription ip'^ ~ {C^^^^)^°'SaSfj 
introduced in subsection 2.1. 
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4.1 Lower point results 

The simplest correlators in six dimensions involving four spin fields only are 



(Saizi) S0{Z2) S^izs) Ssiz^))l 

{Sa{zi)Sf3{z2)S^zs)S\z,))l 



2[G2(0)]' 



{Ei2 Ei3 Ei4 £^23 -£'24 ' 



(4.1) 



[emy 



El3 £'l4 E23 E24 ^ 



-E'12 -£'34 

[ 1 4l2 
I- 2 3 J 



C7 ^ 5 

-C'lS -^^24 -C'14 -£^23 



(4.2) 



The only non-vanishing five-point correlator with four spin fields and one fermion involves three alike 
chiralities: 

1 (£'25 -E35 £'45)-'-/^ 



{^{zr) S^{Z2) S^{Z3) S^{Z4) S\z^))l 



y/2 [G2(0)] ^ (£^12 ^13 £^14 ^15)^/2 (^23 ^24 £^34)^/^ 



E45 



Eu@l[hli]el[li]el[U]-{j'^c) 



a7 



£i3e2[Ui]0f[li]02[il] 



+ (7'^t^)/3.^i?12e2[ai] 62(13] ea[24] 

(4.3) 

There are two six-point correlators involving only spin fields. The first one consists of five left- and 
one right-handed spin-field: 



{Sa{zi) Sp{z2) S^izs) Ssiz^) S,iz5) S'izQ))"; 



Ew E26 Esq E4Q £56 



1/4 



2 [62(0)] ^ \ -£'12 -£'13 -£'14 Ei5 E23 £24 -£'25 -E34 -£'35 -£'45 / 



+ (7^ cu{i, cu ge2 i] ef [1 3 5] ea [1 4 6] 



+ (7''C7),,(7^C)^5^^ 



-£'26 -E56 



C)arl251 oari361 C»ari461 
'^?[346J '^j:L245J '^h[235J 



+ (7'^C),^(7;.C),,gge2[i||] 82 [13 5] ea^l4 5] 
In addition we have the correlator with three left- and right-handed spin fields each 



(4.4) 



(5a(zi) Sp{z2) S^{Z3) S\z4) S\z^) S'\zq))1 



I' Ei4 £15 £i6 £24 £25 -£'26 -£'34 £35 -£'36 \ 



[02(0)] \ -£'12 -£'13 -£^23 -£^45 -£^46 -£^56 



C5 ^ 



C)ari261 oari351 C)ari561 
£14 £25^36 6^345] ^6[2 4 6J '^6[2 3 4J Eu E26 E35 "6^3 4 6J "6L2 4 5J "fe 



C)ari251 C)ari361 c»Sri561 
'^hl346J ^ftL245J '^hL234J 



C ^ C ^ C 

Q /? C)Sri241 oari361 C)Sri461 

^ £15 £26 £34 6^3 5 6J ^6 [245J '^6[2 3 5J 



<-^a ^7 
-£-15 -£'24 -£'36 



0f[Ui]0f[li|]0f[yi] 
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• (4.5) 



Furthermore, two NS fermions can be accompanied by four spin fields, either with uniform chirahty 

mzi) riz2) Saizs) SS{Z4) S,{z,) Ssiz^))! = ^ (^13 Eu ^15 E,, E^S E24 ^25 £^26)-^/^ 

W K DH^ \ 2) ay 3; /JV 4; 7V 5; 5y 2 [02(0)]' £^12 (£^34 ^35 £^36 ^45 £^46 ^56)^4 

{rcu{i^cUE^,E,,E2,E24Ql[V2n] ef [li] ef [lu 
+ (7'^ cu (7^^ c)„^ £;i3 £^14 £^25 £^26 ef [ y i 4 ] Gs [ 3 5 ] e? [ 3 6 ] 

- (7^^ C),, {Y C)ps El4 i?16 i^23 ^25 e? [ 1 1 4 6 ] 0a [ 3 4 ] 0a [ 3 6 ] 

- (7^ C)^, (7^ C)., E,s E,, E24 i?26 ef [ 1 1 3 5 ] 0a [ 3 4 ] 0a [ 3 6 ] 
+ {rCUiYC)p,EuE,,E23E2e@l[hm] e2[34] 0a[35] 

+ {7^C)f^^{YCUEisE,,E24E25el[lllt] G2[34] 0a[35]j ^ (4.6) 

or with mixed chiralities: 

1 {E35 E^Q i?45 £'46)"'"/^ (£^34 E^q)^^/^ 



irizi) r{z2) Saizs) Spiz4) {z^) S%Ze))"- 



[62(0)] ' (-^13 -£'14 Ei5 EiQ E23 E24 E25 E2qY/'^ 



- p ; / E^3 E,4 ^25 i?26 62 [ 1 1 3 4J 0a J3 5]2 
-£^12 -£^36 -C'45 

+ 2 (7'^ C7)„^(r C)^^ ^12 62 [1 1 2 2] 0a [3 5] 0a [3 6] 
+ \ (7'^r C).^ ^ £^14 £^26 62 [1 1 4] @a [2 2 6] 0a [3 6] 
-^(7'^rC)a^^£l4£25e2[114j0a[2 2 5]0a^35] 
-^(7'^rC)/3^^^13^26 62[il3]0a[2 2 6]0a^35] 



(4.7) 



+ \ r C)/ ^ £^13 ^25 62 [1 1 3] 0a [2 2 5] 0a [3 6 



2 £^35 ^-^^^ ^6 ^4 5 bJ "6 13 4 eJ ^6 

The seven-point correlator consisting of one NS fermion, four left- and two right-handed spin fields is 
found to be 

{V{zi) Sa(^2) Sp{z3) S^{Z4) Ssiz^) S\zq) S^Z^))^ = 

1 (£'26 £27 -£'36 -E'37 -£'46 Ei-j £56 E^-jY^^ 



^2 [62(0)] ' (£^12 £^13 £^14 £^15 £^16 £17)^/2(^23 £^24 £^25 £^34 £^35 £^45 EQ-jfl^ 

C)ar2471 ftar2561_ ^"i oa r 2 4 6 1 oa [ 2 5 7 1 ) 

^4g^57^6 L356J ^357] '-'b [345] J 
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p 





2 3 6" 


65 



2 5 7- 


P 


62 


2 3 71 


©2 





I4 5 7\ 


L3 4 eJ 


E^Q E^J 


4 5 6J 




ef 


[2 3 71 


el 


2 4 61 




62 


2 3 61 


©2 





4 5 6J 


L3 5 7J 




U 5 7J 


UL 


©I 


2 3 71 


@l 


2 4 71 


*J. 


62 


2 3 61 


©2 






U 5 eJ 


L3 5 eJ 


■'—'A ( -'^OD 


4 5 7J 


En E^e 


ef 


r2 3 61 
U 5 7J 


el 


[2 5 61 
L3 4 7J 


CJ^ Cy 

E2e Eii 


62 



[2 3 71 
U 5 eJ 


©r 




el 


[2 4 71 


el 


[2 5 71 




92 



[2 4 61 


©2 



-E'26 -£'37 


L3 5 6J 


L3 4 6J 


E27 -£'36 


L3 5 7J 



+ (7^C)„^i?13i?15e2[113 5] 

+ (7^C)«,^13^14e2[1134] |_^0.[2 3 7]e2[246]^ ©a f 2 4 r 

+ (7'^c);3^£;i2£;i5e2[iii|] 

+ (7^^0)^5^12^14 62 [112 4] 



(4.8) 

4.2 Generalizations to higher point 

In six space-time dimensions, the strueture of Fierz identities is still sufficiently simple that the 2N- 
point correlation function with A'^ left- and right-handed spin fields each can be expressed in terms of 
Ca/^ matrices only: 



i=l 



b [62(0)]" \U^kj^2i-l,2j-lE2i,2j 



rJV 



peSN ^=1 ^2m-l,p(2m) \ i=i ^2.-1 ^pi2^) / 



The results (4.2) and (4.6) coincide with the above formula for the cases N = 2,3. For higher N Fay's 
trisecant identities [17, 30] might be needed to make specific ai,$j choices compatible with the result 
above. Due to the chirality structure of the charge conjugation matrix in D = 6 the correlator above 
is the direct relative of {Sai{zi) . . . San{zn))^ in D = 4. Therefore the proof of (4.9) proceeds in the 
same way as in [9, 10]. 

Having the explicit formula (4.9) for this class of correlators is a great benefit in view of the 
factorization prescription for NS fermions. One can combine two spin fields of alike chirality to a NS 
fermion via 

^^'{w) = - ^ lim{z - w)^/'^ {C-^ j^')^'' S^{z) S/siw) (4.10) 
and thereby derive the following further classes of correlation functions: 

ir'izi) . ..r'^^{zk+l) SaAxi) . . . Sa^_,,{Xn-2k) {y,) . . . 5^-- (y„_a))f ■ (4.11) 

For example the last three correlators calculated in the previous subsection can be derived from the 
N = 4 version of (4.9). 
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Figure 1: Dynkin diagram for SO {8). 

5 Four and more spin fields in X) = 8 

The 5*3 permutation symmetry of the Mercedes star-shaped S0{8) Dynkin diagram in Figure 1 - also 
referred to as triality - plays an important role for the RNS CFT in D = 8. In eight dimensions NS 
fermions and spin fields have equal conformal dimension ^ = x| = 5- Therefore, the OPEs (2.1a), 
(2.1b), (2.3a) and (2.3b) become particularly symmetric and we will make use of S0{8) triality to 
rewrite them in unified fashion. 

The short distance behavior of conformal fields is sufficient input to determine their correlations 
on the sphere. This is why triality covariance of OPEs is inherited by tree-level correlators. At higher 
genus, however, the different global properties of the ■0'^ and Sa, fields under transport around the 
world-sheet's homology cycles will break this covariance, at least as far as the spin structure dependent 
factors G'^ are concerned. Hence, triality does not hold for correlators at loop-level. 



5.1 SO {8) triality for tree-level correlations 

In this subsection, we will present eight-dimensional tree-level correlators in manifestly triality covariant 
form. Let us introduce some notation for this purpose. Firstly, it is convenient to work with generalized 
fields P*, , of conformal dimension h = ^, that can either be ijj^, Sa or S^: 

{P\Q^,R'') = {p{r),p{Sa),p{S^)) forpG53. (5.1) 

On the level of Clebsch-Gordan coefficients, we introduce a universal metric g and three-point couplings 
G with generalized indices i, j, k G {p, a, /?}: 



Cap : = {a, 13) 

: otherwise 



9ij 



C 



a/3 





= {11, v) 
= {a, 13) 

ihj) = {a,l3) 
otherwise 



(5.2) 
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|7l(7'^^)a^ : (i, j,k) = {p{^^), p{a),p0)) ior some peSs 
I : otherwise 

In this notation, both the Dirac algebra and the Fierz identity CapC'^^ = C)a^ {^fj,C)^^ + 

\{'^^^ C)p'^{'^^C)a^ are special cases of the triality covariant tensor equation 

ghi2ghh ^ G'^^'^^ G'^^^''^ gk,k2 + G'^^^^^ G'^^^^^ gk^k2 ■ (5-4) 
Note the minus sign y/2G^^^ = {'y'^C)J = -{j^C^a due to the antisymmetry of (Ti^C). 

The definitions (5.1), (5.2) and (5.3) allow to rewrite the D = 8 OPEs (2.1a), (2.1b), (2.3a) and 
(2.3b) in the unified fashion: 

PHz)P^{w) = + ... , (5.5) 

z — w 

P\z)Q\w) = —guR\w) + .... (5.6) 

As wc have mentioned above, this is all the input necessary to derive the trcc-lcvcl correlation function 
(P*i(xi)...P*p(xp) Q^^{yi)...Q^'j{yq)R''^{zi)...R^''{zr)) in triality covariant form - every assignment p G 
S3 for {P\Q^,R^) = {p{i,^'),p{Sa),p{SP)) is possible. 

This circumstance can be used as a strong tool to derive new correlators: Suppose we know 
{ip^'^ ...il)^^Sai---Sa^S^'^ ...S^'^) for some £,m,n E No, then one can rewrite this result in a covariant way 
as {P^K..P^^Q^K..Qiruiiki_[iK^ via {i^t" , Sa, S^) = {P\Q^,R'') as well as 1]"" ,Ca^,C'^^ ^ g'^ and 
{l^C)a^ \/2G^^^. One is then free to pick a different assignment, e.g. {P\Q^,R'^) = {Sa, ,tlj^^) 
which yields the correlator {tp^^'^ ...tl;^'^Sai---SaiS^^ ...S^"") with {i,m,n) traded for {n,i,m). 

Uniform correlators like ((■i/''^)^") or ((S'q)^") with one type of field only are trivially determined by 
Wick's theorem. Each field ip^, Sa, 5^ by itself is a free world-sheet fermion, hence {Sa^ {zi)...Sa2n{z2n)) 
can be reduced to two-point contractions in the same manner as {ip^^{zi)...ip^^^'^{z2n))- 

As a first nontrivial example, let us apply the triality-based methods to the five-point functions 
(PPPQR). Prom (3.9) for n = 2 we know the result for three vectors P^ = tp'^: 

irizi) r{z2) ^\zs) Sa{z^) S^{Z,)) ^ 



V2 {zu Zl5 Z24: Z25 ^34 Z35 ^45)^^^ 
IJ.1/ . fiX . u\ . 

— {1^C)JZUZ25 - —{7''C)a^ZMZs5 + — (l^ C) Z2^ Z35 + ^ (t'^ 7^ 7^ C")/ 
2^12 Zi3 Z23 ^ 



This can be translated into triality covariant language, 

(P^l (Zi) P'^ {Z2) P'' {Z3) Q^' (Z4) R''' {zb)) -- 



(^14 Zi5 Z24: Z25 Z34 Z35 ^45)^^^ 

20 



(5.7) 



^G'^^^"^ ZUZ25 
Z12 



-.1113 



^^2^3 



(5. 



-213 -223 

where {'j^^'^'j'^C)a^ = —2\/2G'^'^^'^^gkkiG'^'^^^'gjjiG'^^^'^^. The minus sign arises from the conversion 
7*^ — )• 7*^. By speciahzing to a configuration with three left-handed spin fields P* = Sa (and = 
and = or vice versa), one arrives at the so far unknown result 

-1 



{r{zi) Sa{Z2) Sp{z3) S^{zi) S\Z5)) = 



{Zi2 Zi3 Zm Zl5 Z25 Z35 ^45)1/2 



(7'^rC)^/3(7AC)c 



+ ^ i7''C)^'z,3Z25 - ^ (7''CVZ14^25 + ^ C) a' Zu Z35 

Z23 Z24 Z34 



(5.9) 



Identities for the Clebsch-Gordan coefficients in (5.9) can be derived from the Dirac algebra. Gen- 
eralizing 27]f"'{j^C)J = -{7^Yl^C)J - {Yl^l^C)j to 

G^*^^^ gkk'G^^^^' gii;&'^^^^ + G^^^^^ g^k' G^^^^' gu^ G^' ^^^^ = gi^02 Quhk^ ^ ^5 ^^q^ 

and then specializing {ji,j2,j3) = {oi,l3,^) and 14 = fi, = S yields 



- (7^ C)^' = \ (7^ r C)fi^ (7A C)j + \ (7^ r C)a^ (7A C)/^ . 



(5.11) 



This result also follows from (B.13) upon multiplication with 7^^^. 

The most interesting application of this procedure is to relate the 2n- and (2n-|- l)-point correlation 
functions from subsection 3.2 to so far unknown correlators with a large number of spin field insertions: 



1.2 q2£\ 



21 c2\ 



i2e-l 



:<2e-l 



For this purpose, we need the SO{8) triality covariant version of the tree-level correlators (3.9) and 
(3.10)^: 



1 



n-1 



1/2 i-r2n-l/ \i/2 ^-^ ^ ^-^ 

^AB \.U=\ {ZiAZiB) ' e=o peS2„-i/Vr,,e 



(- zab) J2 G'pW^''^ GV(2)9i^^ G'p(3\/^ G'pW1\^ ... GV(2«+i), 



sgn(p) 



9 



«p(2<!+2j)V(2«+23+l) 



j^i Zp{2e+2j),p{2e+2j+i) 



^p{2e+2j),A Zp(2e+2j+l),B 



(5.12) 



{n,D=8) 



(Zi) := {P''{zi)P'^{z2)...P''"-'{z2n-2)Q''{zA)Q''{zB)) 



1 



n-1 



ZAB Ili=l {ZiAZisYl^ ^ 



^{-zab) G'pW^^'^^G'p(^)'i\^G'p^^)q/K..G'p(^')^\, 



P&S2n-2/Qn,e 



^The {zab/2Y factors from (3.9) and (3.10) are converted to {-zabY by means of {YC)J = V2G'^'' as well as (TCfc 
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n—f—^ 

X Sgn(p) M Zp(2i+2j-l),AZp(2i+2j),B- (5-13) 

The former gives rise to a new result under (P**^, ,R^) = {Sa^ii^^, S^): 



w TT "p(2^+2j)Qp(2£+2j+l) ^ /'t;i/)\ 
^•=1 ^p(2^+2j),p(2^+2j+l) 

Tlie latter yields two classes of correlation functions. Firstly we assign {P'^'^ , Q^^ , Q^'^) = {Sa^^i^^ ,'4^'^) 



n— 1 



1 '^^-L ^ ^ 

(V'''(2A)V'''(2B)'5ai(^l)...5a2„-2(^2n-2)) = „2n-2/ (~ ^) 

Pe'S'2n-2/Qn/ 

^ TT "p(2^+2j-i)"p(2<+2j) ^ 

X J_J_ ZA,p{2i+2j-l)ZB,p{2i+2j), (5.15) 

^•=1 2;p(2^+2j-l),p(2^+2j) 

and secondly we can specify (P**^, Q^^ , Q^"^) = (iSa^;) 5''^) S^)'- 

{Sa^{zi)...Sa2^_2{z2n-2)S^\zA)S"l{zB)) = „2n-2, ^ E (~ ^) 



^^AB ni=l {zAiZBiY 



n-e-1 p 

^ TT "p(2^+2j-l)"p(2£+2j) ^ ('KlfiA 

X ii Zp(2l^2o-\),AZp(2l^2o),B- (O-lbj 

^•=1 2;p(2£+2j-l),p(2^+2j) 

Not all correlation functions can be derived from (3.9) and (3.10) via triality. Even the six-point 
function {^^ilf S^S^S^ S^) must be derived from first principles, since this field configuration is a 
triality fixed point. Let us give the tree-level result in a triality covariant way 

1 



(P^l (Zl) (Z2) Q^'l (Z3) Q'^ (^4) R^^ {z^) R^^ {zq)) 



gili'z gjih gkik'i 



(^13 214 ^15 ZlQ Z22. Z24 Z25 ^26 Z35 Z36 Z45 ZAe)^/'^ 
. i Z36 Z45 ( Zi3 Z16 Z24 Z25 + Zu Z15 Z23 ^26 ) 

+ 246 ( 213 215 224 226 + 214 2i6 223 225 ) j 
+ 1 G*UlfciG*2j2fe (^^^^^25 236 - 216 223 245) + ^ G'^^'^'^^ G^^^'^'^^ ( 2l5 223 246 - 214226235) 
+ 1 G^l^2felG.i2jlfe2 (|^^g^24 235 - 213 225 246) + ^ G^^^'^^^^ G^^^l'^l ( 213 226 245 - 215234236) 
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2^:56 
2^34 



Qh\j,^ Q\i2\h]r _,25 ^36 ^46 - -^16 -^26 ^35 ^45 ) 

Grii9[fci Gr|i2|^fc2l - ^24 ^35 ^36 ) 



G^'^i [fei 1^2] ^26 + ^15 ^16 ^23 ^24 ) 

2 212 V / 

+ Gl^ilbil'- Gl^^l^l*^! Gp.'^^l ( Z14 Z25 ^36 + ^16 ^23 ^45 ) 

5.2 The loop completion 



(5.17) 



As explained above, SO (8) triality covariance of the RNS CFT breaks down at nonzero genus because 
spin fields have different global periodicity properties than the NS fermions. Therefore, the loop gener- 
alizations of the tree-level correlators in the previous subsection cannot be derived by means of triality. 
In particular, we cannot give the higher point functions {il)^Sai---Sa2n-i'S^)p ('0'*V'^'S'ai---S'a2n- -2)^ and 
{Sai---Sa2ri,-2'S^'S^)^ with arbitrary n at loop-level even though they are available at tree-level with 
(5.14), (5.15) and (5.16). Hence, we can only study individual cases with a fixed number of fields at 
higher genus. 

This section contains any four-, five- and six-point function with at least four spin fields on higher 
genus. They arc obtained by the usual method of testing various index configurations. The tree-level 
results derived from the triality analysis are a good starting point for this procedure since all the Zij 
can be replaced by Eij and only the 02 arguments are left to determine. 

Let us start with four spin field correlations, firstly 



{Sa{zi)S^iz2)S^Zs)S\z,))'i 



2 [e;!(0)] Eu Eu (^13 Eu E23 E2aY''' 



{rC)aHl^C)p^E^4E23m\if + {i^C)J{^^C)^^E^^E2M[\lf]. (5.18) 



and secondly 

{Sa{zi) Sp{z2) S^{Z^) Ss{za)) 



Cap C^s r 1 3 i2 p^g r 1 4 ^ 05 pg r 1 2 Qg r 1 4 12 , <^a5 ^/37 pva r 1 2l2 pyg rl 3l2 



(5.19) 



In presence of an additional NS fermion, we find 
{^{zi) Sa{z2) S^iz^) S^{Z4) S\zM = 



V2 [e«(0)] * {E12 E^s Ei4 Ei5 E25 E35 Ei^y/^ 



^ (7'' C)/ ^13 ^25 62 [Hi] 62(14] e2[25]2 
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+ 



+ 2 T<^)al3[n\<-^h 



" e 



^24 



3 4 5J 0J [3 4] 0g [4 5]^ 



(5.20) 



Here we have chosen a different basis of tensors than in (5.9) to make antisymmetry in Sa{z2) -H- £'7(24) 
manifest. 

The triality symmetric tree- level correlator {P^^ P''''^Q^^Q^'^ R^^ R'''^) generalizes as follows to higher 



genus: 



irizi) r{z2) S^{z^) Sp{z^) SHz^) S'{z^))l 



4 [62(0)] (^13 £^14 ^15 ^16 ^23 £^24 ^25 ^^26)^/^ 



0S [3 5 j 
-E'12 -E34 E^Q ^ 



0g[li] 



(£;36^45ef[lf] (£;i3£^16^24£^25e2[1136] + £;i4£;i5E23£;26e2[1145]) 

+ ^35^46 02 [3 5] [E^^Eir,E2iE2^Ql[\\ll] + ^I4^16^23£^25 0f [^^ii] 



2 2 51 

3 4 eJ 



+ (7''C),n7^C^)/0^^[i|]e2[36] 

(El4£;25£^36 02[U6]0f[ 

+ (7'^c),^(7'^c)^^0f[i^]0f[li] 
(£;i5£;23i^46 0f[ai]0f[Iii] 

{E,,E,,E,,el[\\i]ei[iii] 

+ (7'^C)/(7^C^)a^0f[i^]0f[li] 

(£;i3£;26£^45 02[ia]0f[ili] 



£^16 ^23 £^45 0f[ai]0![lii]) 

0f[ili]) 



EuE26Es5 6g [3 5 6 



£^13^25£^46 02[i|i]0^^[ili 







£^15 ^24 £^36 02 [a i]0f [lit]) 



-£-56 



(7^^c)„^e2[3|]e 



a r3 61 
■ 4 5J 



[E,,E2,Es,E,,el[lll]el[lll] - E^,E2,Es,E,,&|[ll|]@|[^J]) 



al3 



E3.1 



3 61 

6 L 4 6 J ^fe L 4 5 J 



(£;i3£;23£;45£^4602[iii]e2[223] _ £^24 £^35 ^^36 02 [ U ^ ] 0^ [ 1 1 1 1 ) 



-£'12 



— (7AC)[„n7'C)^]'02[i|] wgU6J 



|]0g[li]0g[li] 

(£;i3£;i4£;25£^26 02[H5 6] + E^, Eie E23 E24 Of [h h U]) 
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'EuE,,E^,el[lll]el[lll] + E,,E2sE^,el[lll] elilU])^. (5-21) 

Using Fay's trisecant identity, one can alternatively represent the last two lines as 

X (^Eis Eu ^25 £^26 ef [ 1 1 i |] - Ei5 Eie ^23 ^24 62 [1 1 i 6] j _ (5 22) 

The second non-vanishing six-point function of this type reads: 

{nzi)riz2)Sa{z3)S)siz^)S^{z,)Ssize))l = 



4 [GS(0)] (Eis Eu Ei5 Eie E23 E24 E25 £^25)^/^ 

61 



)£i r 1 1 4 61 
''5 2 3 5J 



'I ^ali '-^73 pva r 3 5 1 C)3 [ 3 
-C'12 -£^34 -C/Se 

(El3£;i5£;24£;26e2[36]Q|[1135] + E^E,, E^z E^.Q^Wl] Q^l 
+ E^,E,,E2,E2,ei[ll]ei[\lll] + £;i4^15£^23^26eS[35]ea[1145]) 

- X^ri^r ®? ®f ( ^13 ^24 ^25 ^16 ef [y 1 f] + ^15 ^23 ^26 Of [| ^ i] 
+ X^T^? (^13^24^15^26eg[l 135] + E14 ^16 ^23 ^25 62 [ 1 1 4 6 ] 
+ ^^^^^|^62[3 5]@a[3 6] (Ei3^24 62[il3]ef[ii4] + £^23 6? [ ^ t ] 62 [ 1 § 3 ; 

+ ^tl^^""" ^iill] (^i5^26 62[i li] 62 [ill] + £;i6£;25 62[ai] 62 [ill: 

_ ga.(7;"-CW eg[34]eg[36] (i?l3^25 62[113]e«[i25] + ^,5 i?23 62 [ 1 1 | ] e2[|i3 

^35 ^ 

- ^^'^^J^^^"" 62[3 4]e°[3 6] (Ei4^2662[114]@a[2 2 6] + £^24 6? [ 1 ^ f ] 62 [ i ^ ^ 
+ ^"'^1^7^''' 02 [3 4] eg [3 5] (Ei3^2662[il3]0a[2 2 6] + E^g £^23 62 [ 1 1 1 ] 62 [ | i 3 
+ ^^^^^1^62 [3 4] 02 [3 5] (^i4^2562[114]0a[2 2 5] + £;i5 £^24 62 [ 11 I ] 62 [ § f 4 



+ (7'^'^CW(7^^C)^5^12 62[llii] 62 [3 4] @a[3 5] ©a [3 6] 



(5.23) 



4 b bJ "6 Lb bJ L4 bJ "6 

On the level of six spin fields, there is firstly the rather trivial correlator whose tree level limit is 
determined by Wick's theorem 

{Sa{z^) Sp{z2) S^{Z3) Ss{zi) S,{z^) S,{zM ^ 



Cal3 C^S Cei p,a:rl35l C)arl36l (aarl46l C)arl45l 

E12E34E56 & ^2 4 6J L245J [235J L2 3 6J 

Cg/g Cye CSi pvarl34l OiS n 3 6] C\a n 5 Q-i pvarl45l 

EuE-i^EiQ ^6 ^2 5 6J '-'b L245J '^g[2 3 4i '-'g L2 3 6J 

Cai3 C^L Cse p,ori341 oSri351 ftSrisei C)Sri461 

Ei2E3eE45 & ^2 5 6J ^-'g L2 4 6J '-'g [234J L235J 
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+ cyclic completion in (2, (3, 7), (4, S), (5, e), (6, l) 



(5.24) 



Its relative with mixed chiralities has a more involved structure due to the Sa -H- interaction: 



{Saizi) Sp{z2) S^izs) SS{Z4) S'iz^) S'izM 



4 [ef (0)] {Ei5 EiQ E2, E2Q E^, Ese ^45 E^^y/^ 



EtZlZ ( ^46 62 [H il' 62 [ 1 3 5] ea [ 1 3 6] 



+ El5^26^35i?46ef[135]2 f l 2 5 



Pjc r 1 2 61 
5 L 3 4 6 J ^-^5 L 3 4 5 J 



+ Ei6E25E36E^,el[^^llf e2[125l f 1 2 6 

)a rl 2 6 
6 La 4 5 



+ EiGE26Es5E45e^r\l^.tf e2[i3il e2ri36 



„ / Ca/3 C^S C^' p,a r 1 3 5 1 C)S [ 1 3 
^ Ul2^34£;56 ^^^^^^^^^^^ 



b L246J ^^5^245 
Ca7 C'/9(5 C^'' 







P)a n 2 51 C)a rl 2 61 
[3 4 eJ L3 4 5J 



+ 



Cap 
E12 

-£^13 
CaS 



Ei3 E2A E^Q 

(El5-E26^36-E45e2[14 5]2 ^ £;,g £^35 £;35 ^^^g [ ^ f ] 2 ^ 

(7AC)[,M7"c^Ve2[i3 4je2[i|6] 

(^15 ^26 62 [1 3 5] ea [14 5] + ^25 62 [ 1 3 6 ] Qa [ 1 4 6 ; 

(7AC)[/(7^C),]^e2[124]0a[156] 

{E^,Es,e|[ll|]@|[li|] + Sl6^3562[126]0a[146- 
(7A^^)[/(7'C),fe2[123]e«[156] 

(El5£;46 62[lli]e2[13 5] + £;i6^4562[126]e|[136- 



-E'23 



+ 



^''^ (7AC)t„^(7^C)5f62[124]@a[134] 

(E25£;36e2[12 5j0a[13 6] + E26 E^, Qi ^ , , , 



:>« r 1 2 61 



A" f 1 3 5" 
'^h L2 4 6. 



(^25 ^46 62 [12 5] 0a [14 6] + £;26 ^45 62 [ ^ 2 6 ] [ 1 4 | ; 



E34 



^^46 62 [13 5] 0a [1 



4 61 
2 3 5J 



^36^45 62(13 6^ 



A" f 1 4 5 " 
'^h L2 3 6. 



^56 (7A C)J' (7l'^l C-)^, (7p C)/) 62 [ i 2 3 ] 0a [ 1 2 4 ] @a [ 1 3 4 ] 0a [ 1 5 6 



(5.25) 



Seven-point correlations require a basis of at least 24 independent Lorentz tensors, so we refrain from 
computing higher point examples without systematics. 
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6 Four and more spin fields in Z> = 10 

Ten-dimensional correlators with four spin fields only are given by 



{Sc.izi)S0iz2)S^izs)Ss{zA))'i 



1 0f[U]0f[H]02[y] 



2 {Ei2 Eis Eu E23 E24 Euf/^ [ea(o)] ^ 



{Sa{zi)Sp{z2)S''{zs)S'{zM 



E12 E34 



-E-IS -E14 -£-23 -^24 



1/4 Oid n 2 



[ef(o)]' 



c ^ c ^ 

" 1^ p)a r 1 2 l2 r 1 3 1 
^14^23 ^^""^ ^^'"^ 



c ^ c ^ 

" C^a r 1 212 c^a r 1 412 

^^^^^^[34] Uj[2 3J 

+ 2 ^I^^^^ ^b^24j U^-L23J 



(6.1) 



In presence of one NS fermion, we find 



irizi) Saiz2) S^izs) S^iz,) S\z5))l = 



(-E'23 E24 £34) 

V2 [es(0)] ' {E12 Ei3 Eu £15)^/2 (^25 -E35 E^^y/^ 



+ 



-E45 

£^25 
-5^35 



(7^ CU El, E24 Es, efinf Qflllf Qlllll] 
ir c)py ^15 E23E2,el[Uf efiiif efiUl] 

C) a, ^15 ^23 ^34 e? [ 1 a ] 62 [ 2 3 ] 2 ea [ 2 5 ] 2 



- \ {i''i^c),'{^,cUE,2E,,Qi[i\i\ Qiiii] 0f 

+ \ 1' c)J (7. c)^, ^14 £^23 ef [ 1 1 1 ] es [ i i ] es [ 2 5 ] [ 2 3 ]2 



(6.2) 



The identity (71/ 7^* C)(q,'^(7'^ ^)/37) — ^ admits to recast the last two lines in the form 

I {7''rch'{i.cUE,2E^,el[lll] elill] e2[ii] elmf 

+ J (7'^7'^c)«^7.c)^7^i3^24e2[Hi] e2[itf elill] ef [If] 



(6.3) 



The following correlator has been partially computed in [15] for the purpose of four fermion scattering 
at g = 1-loop. Let us give the complete ^-loop result here: 

(-E'34 -E'35 Esq E45 E^e E^q)'^/'^ 



irizi) riz2) Saizs) S^{z4) S^iz,) Ssize))1 



2 [92(0)] ^ (£;i3 Eu Ei5 ^16 -^23 ^24 £^25 ^26)^/^ 



1^ (7' cu (7A C),s ^36 £^45 62 [3 4] qS [3 5] ©a [3 6]2 



27 



(^E^3EieE2^E25el[mi] + Ei4Ei,E23E2e@l[mi]) 

[E^3EuE2^E2^&l[\lli] + £i5£l6£23£24ef[lli|]) 

+ \ C),p [Y CU E34 ^56 eS [ 3 4 ]2 GS [ 3 5 ] 



[E^sE2,E,ee|[lU]Q|[lll] - E^e E2, E3, ef [HI] ef [Ui]) 



+ 2 CU (Y CU Eu E,e QlHif 

{Eu E2,Es,el ill I] Ql [III] - E^,E2^E,e@|[ln]e|[lU]) 

- \ in'' CU CU Ese ^45 ef [ 3 6 ]2 qs [ 3 5 ] 

[E,,E2,Es,el[lll]Ql[UI] + E,,E23E,,QI[lll]el[lU]) 

+ 2 (Y CU CU E36 ^45 ef [ 3 6 ]2 ©a [ 3 5 ] 

[E,sE2,E,,el[iii]el[Ui] + EuE2,E3,el[iii]el[iii] 

+ \ (t'^^' CU (7A CU E34 E3, E,, 62 [3 4] e| [3 6]2 

{E,,E2eel[lll]@l[lll] + E,,E2,@l[lll]el[lU]) 

+ \ (7^^' CU (7A CU E3, E,, i?56 e5 [3 4] 92 [3 6]2 

(£l3£24e2[113]0a[2 2 4j + Eu E23 @l [U j] Of [lU]) 

- \ i7'"'^CUi7xCUEs4E3eE,,@l[lif G5[36] 

(£;i5£24G2[iii]G2[224j + £25 62 [11 4] 92 [ill]) 

+ I ir"' CU (7A CU E34 E,, £^56 ef [ 3 4 ]2 ©a [ 3 6 ] 

(ii;i3i?26e2[113]92[il|] + i?16£23e2[lli]G2[223] 

- (7^^ CU il"^ C)0S E,2 E34 E3, £^45 £^56 62 [ 1 1 i i ] 62 [ 3 4 ]2 9a ^ 3 6 ] 



(6.4) 



This representation in terms of antisymmetric products 7^*^^^ rather than ^t^^'^'y'^ was chosen in order 
to make antisymmetry under the exchange of ip^{zi) ip'^{z2) and Sai{zi) -H- Saj{zj) manifest (up to 
a pre-factor E^j'^ in the latter case). 

If the four spin fields have mixed chirality, one has 

irizi) r{Z2) S^{Z3) Ss{z,) 5^(Z5) S\ze))l = (i^34 i^Se)"^/^ (i^35 i^36 £^45 ^46)-^^ 

W KDH^ K2J ay 3) A 4; ^5; ^ 6;/^ [62(0)]' {Ei3EuEi5EiqE23E2^E25E2qU^ 

2 1^ (7^ CU (7A Cy' E,3 E,, ^24 ^26 62 [ 1 1 3 5 ] 9a [ 3 4 ] 9a [ 3 5 ] @a [ 3 6 J 2 
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+ tl^Ss ef 1 3 4] elmf el [U]' 

~ e^^Le,, ^56 ef 1 i 4] Qliiif el illf 

1 c ^ 

{i^rc)^''^E,,E,,E,,E,,el[i\i] eliiii] e2[36] Qa^i^^f 



2 I J^a4-^5b v^g L3 4 5J 

1 



+ ^(7''rt^)^^^^i3£^26^34S56ef[iii]e?[ili]ef[li]e2[i|f 

-lil'rc)0'^E^^E2,Es4E,ee|[lU]e|[ll|]e|[l|^ 
- 2 (7'^ cu ir cf' E,, £^24 £^36 e? [ 1 1 i ] ef [ i i I ] e| [ 3 5 ] ef [ 3 6 ] 2 

+ \{l''CU{l^CV'E,^E^,E,,el[\ll] 62 [2 2 5] ea[3 6] e»[3 5]2 

-^(7'^7"c)„^(7'^7AC)/Ei6S25^34ef [at] ef [ill] e2[i4] 02 



{ri''C)J{Y lxC)p^ E^,E2,E:,,ei[l\l] e2[il|] G2[34] 0a[35] e2^[3' 



/ W 1A^)P -^15 -^^t) -^34 L3 4 6J L3 4 5J ^5 L5 6J L4 6J ^6 14 5J 

+ \{ri^i'^cf\ixCUE,,E,,E,,el[\ii]@i^^^^^^ 



(6.5) 



The correlator with five left-handed spin fields and one right-handed spin field has appeared in the 
literature before, namely in [37] at tree-level for the purpose of six fermion scattering. Let us give its 
loop generalization here: 

{Sa{z,)Sp{z2)S,{z,)Ss{z,)S,{z,)S\zM = 1 E,, Eu E,, E^, E,, E^, EuE,, E^,)'^/' 

\ ay IJ fiK 2J 3J 6y eK 5J V6;/^ 2 [62(0)]' (£;i6£^26^36£^46^56)^/^ 

(7^^ CU il, ^ ^14 ^15 £^23 ^25 £^35 ^46 62 [ a i ] 02 [ 1 3 5 ] [ 1 II ] 62 [ 1 t I ] 2 

- (7^^ CU{1, C)p, E,^ E,, E2, ^34 i?35 i?46 62 [ 1 2 i] 62 [1 3 i] 62 [1 |6] e| [ 1 2 i]' 
+ (7^^ (7m C)7e J] El4 ^15 £^23 ^^24 £^34 £^56 62 [ 1 2 | ] 6? [ 1 f 4 ] @a [ 1 4 5 ] qS [ 1 5 6 ]2 

- (7'' CUil, C)^^ ^ E^2 Eu ^24 £^34 £^35 £^56 62 [ l 2 f] 62 [ l 3 4] ©3 [ l 5 6] [ l 2 4]2 



+ (7^^ CUil, C)s. ^ E,s E,, E2, i?26 i?34 i?35 62 [ 1 2 i] 62 [ 1 3 4J 0a J 1 5 6 j e| [ 1 3 5]2 



- (7^^ CU {1, C)ps ^ E,, En E2e £^34 £^35 ^45 62 [ 1 2 3 ] e| [ 1 3 4 j ©a [ 1 3 5 ] e| [ 1 2 f ] ' 

+ (7'^ C)^^h, C)s. ^ E,2 E^, E24 ^25 £^34 £^36 62 [ 1 2 |] 62 [ 1 3 6] qS [ 1 5 6] qS [ 1 2 5]2 
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- C)ae{7, C),S ^ i?12 ^13 E,, E,, ^36 i?45 [ ^ ^ 3 ] ©a [ 1 2 4 ] [ 1 ^ 5 ] Qa j 1 3 6 ]2 
+ (7'^ C)0, {j, C),s £^12 Eu E,, ^23 ^36 ^45 ef [ i i i ] ef [ 1 i 4 ] ea [ 1 2 5 ] e« [ 1 I 5 ]2 

- (7'^ 0)^,(1^. C)se ^ £^12 E^, E,, E2, ^34 £^36 62 [ i § |] ef [ ^ i |] ef [ ^ i 1] ef ll' 

- I (7^ r C)/(7m C)ae{lu C)^5 Eu Eu E24 E35 E35 

xef[Ui]ef[Ui]ef[^ti]ef[ii|]^ 

+ I h'" 7" C)J{^^ C)^s{lu C)^e E12 Ei5 E25 E34 Es4 

V fta [12 61 Cja rl 3 41 /aa [15 61 C)a [1 2 5l2 
^'^6^451 "-^5 I 2 5 6 J '^g [ 2 3 4 J L 3 4 6 J 

+ I 7" C)/i-f^ C)ap{lv C)^5 El4 Ei5 E23 E24 E35 

X eliui] 0f [y i] ©f [y i] ©f [y ii 

+ I (7^ r C)a'(7M C)a/3(7^ Che Ei3 E15 E24 E25 E34 

V fi« [12 51 ftS r 1 3 4 1 [13 51 ftS r 1 3 6 1 [15 61 
X'^6l.346J '^6L256J '^6l.246J '^6L245J '^6L234J 

- I i^'" 7" C')7'(7m C)aSi7. C)pe El2 ^15 £^24 ^34 £^35 

V [12 41 Oia [12 51 c\a [12 61 atS [13 51 c>S r 1 5 6 1 
X*^bl356J *^6L346J *^gl345J *^6L246J '^g[234J 

- I (7'' r C)7'(7/. C)ae{lu C)^s E12 Eu E25 E34 E35 

x0f 0f [ilil 0f [Ui] QliUi] Qliitl] ■ 

There is also a non-vanishing correlation with three left- and right-handed spin fields each: 

( a{ 1) /?( 2) 7( 3) (4) (5) ( 6))g |.^^^^^^5 £;25-£^26 -£^34-^35^36) 



X 




L/^ L/^ 


ef 


[12 3 




ef 


1 5 61 


ef 


ri 3 51 


ef 


12 6 




-£'14 -£^25 -£"36 


14 5 6 




2 3 4J 


L2 4 eJ 


3 4 5 






L/q, L/^ O-y 


ef 


ri 2 3 




ef 


1 5 61 


ef 


1 3 61 


ef 


1 2 5 






-E'14 -£'26 -£'35 


L4 5 6 




2 3 4. 


2 4 5. 


3 4 6 


+ 


^13 


ef 


ri 2 3 




ef 


1 4 61 


ef 


ri 3 61 


ef 


12 4 


-£'15 -£'26 -£'34 


U 5 6 




2 3 5J 


L2 4 5J 


3 5 6 






"-^a "-"/g W 


ef 


ri 2 3 




ef 


1 4 61 


ef 


ri 3 41 


ef 


12 6 






-£'15 -£'24 -£'36 


U 5 6 




2 3 5J 


L2 5 eJ 


3 4 5 


+ 


'-'13 '-"y 


ef 


[12 3 




ef 


1 4 51 


ef 


[13 41 


ef 


12 5 


E16 E24 E35 


14 5 6 




2 3 6J 


L2 5 eJ 


3 4 6 






i r 1 e ^ S 

(-/q, 0^ 0^ 


ef 


[12 3 




ef 


1 4 51 


ef 


ri 3 51 


ef 


12 4 






-£'16 -£'25 -£'34 


14 5 6 




2 3 6J 


L2 4 eJ 


3 5 6 
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+ 



+ 



+ 



+ 
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•.JXJ 'i'J 
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E12 Es5 E4Q 












Ei2 E34 E^Q 








^/ 




El3 E26 E45 








^/ 




Ei3 E25 E4Q 




\ 1 




/3 




t^il'i l^/C^A t^iJZG 

-'-'lo ^24: -'-'00 




k / 




C ' 




E\Q -E'23 -E'45 








cj 




El5 E23 E4Q 










EiA E23 E^Q 



r 1 2 3 

■^6 14 5 6 



r 1 2 3 



ftS ri 2 3 
^^fT U 5 6 



ftS ri 2 3 
^-'b U 5 6 



«3 rl 2 3 
U 5 6 



:)S r 1 2 3 
■^6 14 5 6 



ftS ri 2 3 

L4 5 6 



] 0f 

b 


1 3 41 

9 1 

z U J 


G2 

b 


13 51 
2 4 6 


92 
b 


[14 61 
9 


92 

b 


[15 6 
2 3 4 




13 41 

2 5 eJ 


ef 


rl 3 61 
2 4 5. 


92 


[14 51 
2 3 eJ 


92 




[15 6 
2 3 4 




13 51 
2 4 eJ 


92 


[13 61 
L2 4 5J 


92 


[14 51 

I2 3 eJ 


92 


[14 6 
L2 3 5 




12 41 
3 5 eJ 


92 


[12 51 
L3 4 6J 


92 


[14 61 
I2 3 5J 


92 


[15 6 
.2 3 4 


] 


12 41 
3 5 6 J 


92 




[12 61 
3 4 5. 


92 




[14 51 
2 3 6 J 


92 




[15 6 
.234 




12 51 
3 4 6J 


92 


12 61 
L3 4 5J 


92 
^b 


[14 51 
L2 3 6J 


92 


[14 6 
L2 3 5 




12 4" 

3 5 eJ 


92 


12 5" 
L3 4 6J 


92 


13 4" 

L2 5 eJ 


92 



13 5 
L2 4 6 




12 41 

3 5 eJ 


0l 


12 61 
Is 4 5J 


92 


[13 41 

L2 5 eJ 


92 



[13 6 
,2 4 5 


]0f 


12 51 
3 4 eJ 


92 


[12 61 
13 4 5J 


92 


[13 51 

I2 4 eJ 


92 

b 


[13 6 
L2 4 5 



-^36 



l'rC),\l,CU{l.C) J, J, J, J, ^gl34 

.C/12 .C/13 -£^45 -C'56 



-^13 £^23 -^46 -£'56 ^ 

\5i EiQ ^ 

E12 Ei3 E4Q E^Q 6 3 4 
Se E35 

Ei3 E23 E45 E^Q b 

\Se El-, 



P)a [1 2 41 02 [1 2 51 rl 2 61 
'^6L356J *^6L346J '^6[345J 

efri2 



61 cva[136l oarl451 
5J '-'b[245J '^6L236J 



fta [12 41 csa [12 51 fto [ 1 2 i 
•^j: L3 5 6J L3 4 6J ^h[3 4. 
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n 2 



51 a>d [14 51 C)a [13 51 
6J *^gl236J *^6L246J 



92 f 1 3 5 1 
'^ft L 2 4 6 J 



92 f 1 5 6 1 
1 2 3 4 J 



A" [14 
'^h L2 3 



(6.7) 



Note that also this result exhibits manifest antisymmetry under Sa{zi) -H- S^{z3) and >S"^(-25) -H- S''{zq) 
up to the powers (£^i3£^56)^/"^. 



7 Conclusions 

In this work, we have provided a toolkit which plays an essential role in computing tree-level or multi- 
loop amplitudes in D = 6- and D = 8-dimensional superstring compactifications but also in the 
non-compactified D = 10 situation. The applicability of these SCFT results ranges from superstring 
theories to the heterotic string theories allowing for a CFT description. 

One of the highlights in this work are equations (3.15) and (3.16), which pave the way to compute 
two fermion, A'^ boson amplitudes in every even space-time dimension on arbitrary genus. Another 
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very general result (4.9) is given in six space-time dimensions, describing a 2iV-point function of spin 
fields at every loop level. This can be used for scattering amplitudes involving many fermions. 

The superstring amplitudes computed in this work play an important role in testing various aspects 
of duality symmetries relating different string vacua. Furthermore, these amplitudes arc phenomenolog- 
ically relevant to investigate low energy dynamics of various compactification geometries. In particular, 
the D = 4-dimensional situation gives rise to stringy predictions for hadron colliders [6, 7, 8]. Another, 
rather theoretical motivation lies in the study of loop generalizations of supersymmetric Ward identities 
which were found to extend to all a' orders at tree- level [2] . It would be interesting to see whether one 
can still relate amplitudes of different fermion numbers on higher genus. Our results are essential to 
obtain further data points in this investigation. 
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Appendix 

A Gamma matrices in D dimensions 

Gamma matrices F'^ play a key role in the interplay of vector- and spinor representation of the Lorcntz 
group SO{l^ D — 1) vn D dimensions. First of all, they can be be viewed as operators acting on spinor 
spaces whose anti-commutation relations are given by the Clifford algebra. On the other hand, an- 
tisymmetric products F'^i ^'^p of p gamma matrices, multiplied by the charge conjugation matrix C, 
are Clebsch-Gordan coefficients which take bi-spinors to p forms. The tensor structure of correlation 
functions involving spinorial fields is expressed in terms of these products (F'^i - '^pC), the charge conju- 
gation matrix C guaranteeing Ramond charge conservation. Hence, we need to keep their manipulation 
under control in deriving and applying spin field correlators. The reader might refer to [38, 39, 40] for 
further information on the spinor algebra in higher dimensions. 
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A.l Notation and conventions 

Let us first of all fix our notation and conventions. We use the sign convention of Wess & Bagger for 
the Clifford algebra 

^Yt^Y"} = -2??^^ (A.l) 

as has been done in [6, 7, 8, 9, 10] for the four-dimensional calculations. The signature of the Minkowski 
metric only matters if an explicit representation for gamma matrices needs to be given. For the purposes 
of this paper, however, knowledge of the vanishing gamma matrix entries is sufficient. 

Spinors in even space-time dimensions D G 2N form a 2-^/^-dimensional vector space which decom- 
poses into two irreducible Wcyl representations of S0{1,D — 1) of dimension 2-^/^"^ each. We will 
refer to them as the left- and right-handed representations. Their elements arc called Wcyl spinors 
of positive or negative chirality. Generic Dirac spinors S live in the direct sum of both irreducible 
subspaces and will be written in component notation: 

Ea = \ , ipa = left-handed , x° = right-handed . (A. 2) 

Gamma matrices transform left-handed spinors into right-handed ones and vice versa. Hence, one 
can write them in block off-diagonal form whose non-vanishing blocks 7'* and are also known as 
generalized cr-matrices. Their action on a Dirac spinor in chiral index notation reads 

(F'U^Hb = I " ] = ( I . (A.3) 



where the Clifford algebra of full Dirac matrices F'* translates into 

^U^''^'' + Z^^'^'' = -2'^a^'^% 7'^"^7^« + r"^7^, = -'^^U^" ■ (A.4) 

More generally, odd (even) products of F matrices carry alternating products of 7 and 7 matrices in 
their off-diagonal (diagonal) block: 



B 



il"'!^^ ■.■l''^)o,^ 

(^Mi J^^2 J^ip)o' 



p odd , 

(A.5) 

p even . 



/3 

The F^ matrices alone obviously have the wrong index structure to serve as Clcbsch-Gordan coefficient 
for bi-spinors. Some kind of metric on spinor space is needed - the charge conjugation matrix Cab- 

{rnA^CBD = {r^c)AD. (A.6) 
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The chirality structure of C now depends on the dimension D due to the representation theory of the 
associated SO{l,D — l) group. In dimensions D = mod 4, only spinor representation of aUke chiraUty 
contain a scalar in their tensor product whereas D = 2 mod 4 dimensions require opposite chiralities 
to form a singlet: 




L> = 0mod4: Cab = \ \ , {r^'C)AB 

r> = 2mod4: Cab = \ . , {r^C)AB 



{j'^cu^ 

ircri3 

i7^C)aP 

{^i^C)'^^ 



(A.7) 

The inverse C~^ of the charge conjugation matrix again has a chiral structure which varies from 
D = mod 4 to -D = 2 mod 4 dimensions: 

£> = 0mod4: (C"^)^^ = 
D = 2 mod 4 : (C"^)^^ = 

A. 2 Symmetry properties 

The transposed gamma matrices F* satisfy the same Clifford algebra as the original ones. Arguments 
from representation theory state that F and F* must be related by a similarity transformation. This 
transformation is given by the charge conjugation matrix and its inverse^ 

C-^VC = -(F'')^ (A.9) 

Reading this equation on the level of chiral blocks leads to two different scenarios whether D = mod 4 
or D = 2 mod 4. In the former case, transposition (A.9) intertwines the two classes of matrices 7^, 7^^: 

= -{c-'ur'^c^p, r^'^ = -{c-'r7i:,c'^. (a.io) 




^In even dimensions D £ 2N, the signs in (A.9) and (A. 12) are a matter of convention due to the freedom to redefine 
C I-)- Td+iC with the chirality matrix. In odd dimensions D G 2N — 1, however, the non-existence of a chirality matrix leads 
to a unique choice. 
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For D = 2 mod 4, on the other hand, a consistency condition is obtained for 7'* and 7'*: 



7^d 



7 



(A.ll) 



PD 



(A.13) 



To give a unified way of understanding these conditions: The symmetry property of (F'^C) is opposite 
to that of the charge conjugation matrix 

C* = pdC ^ (F^C)* = -pDiT^'C), (A.12) 

where pD = =tl- By iterating this argument, one can infer the symmetry properties of higher order 
gamma products (F'*i...F''i'C)* = pi3(— l)^(F'*J'...F''iC) such that antisymmetric chains of F's satisfy 

+ PD {T^"^-^" C) : p = 0,3 mod 4 
- PD (r^"^-^" C) : p = 1,2 mod 4 

In order to fix the dimension dependent sign pD = ±1 in (A.12) one has to make use of the fact that 
the set {(F^i-^fC) : < p < D} forms a basis of the 2^^'^ x 2^/^ matrices. In particular, there must 
be 1 2^/^ (2^/^ — 1) antisymmetric matrices, and this fixes 

+ C : D = 0,6 mod 8 
-C : D = 2,4 mod 8 

Let us explicitfy write down all the relevant cases on the level of chiral blocks: 

D = A \ D = Q 



PD 



(-l)f(f+^) ^ 



(A.14) 



— C^a 



D = 8 



D = 10 



+ (7M-^C)/5, (7^-^C)„^ 



= -(7^'^^C')^, 
= +(7^"^''"C)^, 



(A.15) 



To avoid over-counting of the independent symmetric matrices, one should be aware of the self-dualities 
of D/2-fold products (with cpD denoting a dimension dependent phase): 



(^m...^^/2C),^ = ± 



^.-.^^ . ^^d^ 



{D/2)\ 
i4>D 



{D/2)\ 



^/ii.../io/2i'i... 1/0/2 ^;y^ 



Cf 



(A.16) 
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A. 3 Fierz identities 

Antisymmetrized gamma products r^i'"^f with < p < D form a complete set of 2^/^ x 2^/^ matrices. 
Therefore, it is possible to expand any bi-spinor in terms of forms. The expansion prescriptions are 
referred to as Fierz identities. 

Within the chiral blocks 7'^,7'*, it is sufficient to consider forms up to degree D/2 since any p < D 
fold product 7^1 • ■^p is related to D — p products via Hodge duality. Weyl bi-spinors are therefore 
expanded as follows: 



• D = mod 4: 



D/2-2 

= 2-^/2 J2 (7''^-^^C')/3a(V'C-SM....wX) 

p even ^' 

+ (^/^-^-/^ C)pa (V' 7m./,...mi x) , (A.17) 

0/2-1 

V'aX^ = -2-^/^ ^ ^(7^-'^^C)^(V'C-S^,...^,x), (A.18) 

p odd 



Z) = 2 mod 4: 



D/2-2 

V'aX/? = -2-^/2 Yl ^(7'^"-'^^CW(V't?-'7MiX) 

p odd 
2-D/2 

- (7^-^-/^ C)^,, (V' 7M./....m X) , (A.19) 

D/2-1 

V'aX^ = 2-^/2 -^(7'^^-'^^C)^a(V'C-^7^,...^,x)- (A.20) 

p even ^' 

Their proof basically relies on the fact that the are orthonormal with respect to the trace (up 

to the subtlety that the trace Tr{7'^i ' '^o/2 7'^^ j^^^^} of D gamma matrices additionally involves the 
e^'-^"'/\,...u^^^ symbol). 

Let us display the Fierz identities in D = 4, 6, 8, 10 dimensions explicitly: 

• £> = 4: 

i^aXp = I C-^a (V' X) + I C)pa 7.M X) , (A.21) 

i^aX^ = -lircfaii^C-'l^x), (A.22) 



• D = 6: 



^aXfS = ~\ C)p^ %X) - ^ ir"' C)p^ 7A.M X) , (A.23) 

i^aX^ = \ CK x) + I Cfa (V' C-^ X) , (A.24) 
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• D = 8: 

(A.25) 

i^aX^ = -I {r Cfa 7^ X) - ^ (t'^'^' t^)'^a 7A.^ X) , (A.26) 

• D = m 

+ ^ (7'^'^''' C)^ 7pA.M X) • (A.28) 

Fierz identities allow to derive relations between various 50(1, D — 1) Clebsch-Gordan coefficients by 
making clever choices for tpa,X/SjX^- For D = 4 (A.22) immediately implies that 

(7'^)a/3 (7m),5 = -2C«,C^^, (A.29) 

whereas (A. 21) with ipa = Ca-y and X/3 = C^s yields 

iina^il,.),' = 4SP^5'^ - 86id^. (A.30) 

Analogous equations in higher dimensions will be given in the subsections of appendix B. 



B Gamma matrix identities in = 6, 8, 10 dimensions 

Each correlation function {ip^'^ . . . tp^" Sai ■ ■ ■ . . . S^') will be expressed in terms of Clebsch- 

Gordan coefficients taking the the tensor product of n vectors, r left-handed spinors and s right-handed 
spinors into the scalar representation of S0{1,D — 1). The number of linearly independent tensors 
jT/ii.../in^^ ^^/3i.../3s is equal to the number of scalar representations in the corresponding tensor product. 
These are summarized in Table 1 for all correlators with fixed number of fields given in this paper. 

In the following subsections we will give identities necessary to express correlation functions in 
terms of a minimal basis. 

B.l D = 6 dimensions 

In six dimensions, tensors with four spinor indices are severely constrained by Fierz identities. 
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(8) 


D = 4 


D = 8 


(8) 


D = 6 


i:i = 10 




1 


1 




1 


1 




1 


1 




1 


1 




2 


2 




2 


2 




4 


4 




4 


4 




10 


10 




10 


10 




25 


26 




26 


26 




70 


76 




76 


76 




1 


2 




1 


2 


{ Sa Sf3 Ss ) 


2 


3 


(SaSisS^fS^) 


2 


3 




2 


4 




3 


5 




4 


9 




6 


11 




5 


10 




7 


12 




10 


24 




17 


31 




25 


68 




45 


88 




28 


71 




48 


91 


{SaS/sS^SsS^S'') 


2 


10 


{SaS/sSjSsSeS'') 


4 


16 


{SaSf^S'ySsSeSi,) 


5 


15 


/ Q Q Q 


6 


19 


{i;''SaSfjSyS^S^S') 


4 


24 


{^pPSaS|3S-ySsSeS,) 


9 


40 


iij^'SaS^s./SsS.s') 


5 


26 


{tpPSaS^S^SsS'S') 


12 


45 


ii^i^rSaSiiS^SsS'S') 


10 


68 


{i;^''^|J''SaS|3SJSsSeS') 


29 


125 




14 


76 




32 


130 


{SaS^S-ySsS^S'S^S^) 


4 


71 


{SaSpS^SgSeS^SKSx) 


14 


175 


{SaSpS^SsSeS,S^S>^) 


5 


76 


{SaSpS^SsSeS.S^S^) 


19 


196 


{SaSi3S^SsSeS,,SK,S\) 


14 


106 


{SaSpS^SsS^S'S^S^) 


24 


210 



Tabic 1: Number of linearly independent Clebsch-Gordan coefficients in various tensor products. Since the chiral 
structure differs for Z) = 4, 8 and D = 6, 10, these two cases are separated into different sets of columns 
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Correlator (SaSpS^ySs) 

The most important relation between {'y'^C)a/3{'JixC)^s and permutations in the spinor indices arises 
from (A.23) with tpa = (7^(^)07 and Xi3 = {ltiC)i3s- After some manipulations, one arrives at^ 

{rC)aA7,.C)0S = {l^C)pa{l>^C)^S . (B.2) 

Together with the antisymmetry of {'y^C)a8 = {l^C) [q,/?] , this implies that the contraction (7^C)„3 {jfj.C)^s 
is totally antisymmetric in four indices and therefore proportional to the e tensor in the four-dimensional 
chiral spinor representations. Normalizing £1234 = 1, we get 

il^Qa^ij^Q^s = -2ea0^s- (B.3) 

Correlator (SaS^S'^S^) 

The choices tpa = , X/9 = in (A.23) and Va = (t^C')^^, = {%C)^^ in (A.24) yield the set 
of equations: 

{l^C)ap{%Cy' = l{Co?Cfi' - C^'CfP), (B.4) 

(7'^'^C)a^(7^.C)/ = 2C„^C/ - ^Cjc;^, (B.5) 

(7'''^^C)„^(>.aC)^'^ = 24 (C„^ + C«^C/). (B.6) 

Hence, only CjC^^ and C^^ C^^ remain as independent Clebsch-Gordan coefficients. 

Correlator (^^ji^SaSfiS^S^) 

For this correlator equations of the type 

(7^ r Ch' (7. C)ap = 2 (7^ C)fs^ Cj - 2 (7^ C)a^ C/ (B.7) 
prove to be useful, which can be derived by multiplying (B.4) with jt^^. 

Correlator {SaS^S^SsSeS') 

As Weyl spinors in six dimensions only have 2^/^~^ = 4 independent components, the trivial relation 

{rC\a0il^.C),sC,f = (B.8) 

holds for this correlator. 
^Useful tools for deriving relations like this are 

rT''i-"-r^ = {-l)'^-^D-2m)r''^-""' (B.la) 
P^i/pAi...A„P^^ = (£) - (£)-2m)2)r^i--^'" (B.lb) 
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Correlator {'ipi'il;''SaSpSjSs) 

This correlation function can be expressed in terms of rj'^" {j^ C)a0 {'J\C)jS, {l'^ C)a0 {'j" C)js and 
permutations in a,P,j,S thereof. These are related by the equation 

V^" (7' CU (7A C)^s = -{r C\ap (t'^ C),5] . (B.9) 
Correlator (V'^V'^'^a^/^^^^^) 

In this case the ten index terms r]^''' Cj* C ^ , C)^^ {l"" C)^\ C)ap{l^Cy\ (7^ 7^^ C)«^ C^^ 
(-yA' C)cti3 (7a CY'^ and (t''^ 7^^ 7'^ C)^'^ (7A C)aj3 including permutations in a, (5, 7, 6 appear in the 
calculations. Applying (B.4) to (7^C)(7aC) in the terms above yields 

(7'^ r 7' cu (7A cf' = 2 (7'^ r C7/ - 2 (7^ r C)J , 

(^M c.)t5 (^^ c)^^ = 2 (7^^ r C)^^ cJ-2 (7^ r C^)a^ + 4 C,^ - 4 r/'''^ c/ . 

(B.IO) 

A further relation is obtained by anti-symmetrizing the previous result in the spinor indices a, /3: 
2 rj^'^ Cj - 2 rj^'^ C^^ c/ - (7^^ CU + C^p ir Cf' = 

{1^ r - (7^^ r c)j - (7'^ r c)^'' cj + (7^ r c)/ . (b.h) 

Correlator {^^'Sc.SpS^SsS^S') 

The relevant index terms for this correlator are (7'^ C)^' Sa^-y^, {'-^^ C)ai3C^'^ C^'' and permutations in 
a, ^, 7, (5. By replacing 7, j with e, i in (B.ll) and multiplying with (71^ C)^s they turn out to be related: 

2(7^^ Cf So^MS = -(7'' C\^pC^' C^] . (B.12) 

B.2 D = 8 dimensions 

A lot of tensor equations in eight dimensions can be related by 50(8) triality. In section 5.1, their 
most general form is given for some cases of interest. In the following, we will list the specializations 
needed for correlation functions with four or more spin fields: 

Correlator {SgS^S'^S^) 

Here, the choices tpa = {'y^C)a'^, = iliJ-C)i3^ and ijja = Caj, = C^^ in the eight-dimensional 
Fierz identities (A.25) and (A.26) yield 

Ca^C^' = l{il'C)^Hl,C)^' + {^^C)J{^,C)^''), (B.13) 

(7^''^C)«^(7m.aC)/ = 18(7''CV(7mC)/ + 24(7'^C)„^(7^C)/, (B.15) 
such that it suffices to express this correlator in terms of {'j'^C)o^ {IijlC)^^ and {'^^C)a^ {^^0)1^ . 
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Correlator {SaSjsSjSs) 

Fierz identities with tpa = Ca'y and = lead us to 

in^" C)al3{'^^uC)^S = 8(Ca^C^5 - CasC^^), (B.16) 

il'^"^'' C)al3 {:7lj.uXpC)^S = 192(Cq^C/35 + CasCp^) — ^SCa^C^S- (B.17) 

Correlator {i;i'SaSpS^S^) 
Multiplying (B.13) by 7^". gives 
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Ca^irC)^' = -^[irrC)aAlxC)0' + {^^rC)^^{^xC)a'\. (B.18) 

Hence, it is possible to eliminate two out of the six tensors Ca/si'J^ C)^^ , {'J'^ C)a-y {j\C)^^ and 
permutations in a,P,j thereof. 

Correlator {il;f'^''SaS^S"'S^) 

This is a triality invariant index structure for which the tensor identities are particularly interesting. In 
our nine dimensional basis of (5.21), only the antisymmetric part in u of the tensor (j'^xQapiT^C)'*^ 
is kept because the symmetric piece can be reduced to 

- (7'^C)/(7^CV + {7''C)pHYC)J . (B.19) 

This can be derived from (B.18) multiplied by (7'')'^"''. Then, triple products of 7 matrices can be 
eliminated as follows: 

- {n^c)^HYC)p' + {i^c)j{YC)p'' + (7^c)/(7^c)„^ 

- (7'^C')^^(7'^C)«"^ + (7'^"C)«^C^'^ - C^fiir^'Cf' . (B.20) 

Observe that, upon adding a ^, 7 5 images and anti-symmetrizing jt^j'^^^^ one finds 

(7^''^C)„n7AC)/ + ir''C)f,''ijxC)J + (7^'''C)«'^(7aC)/ + (7^"^C)/(7aC)„^ = 0. 

(B.21) 

Correlator {^^^iP" SaSf^S^Ss) 

Possible Clebsch-Gordan coefficients for this correlator are permutations in a, /3, 7, 5 of the tensor 
{'y'^j^C)ap{^xl'^C)^S- However these are not independent as multiplication of (B.18) with 7^^ shows: 

(7'' 7^ C)af) (7A r C)^s = - 7^ C)aj (7A T C)ps ' 2 (7^ r C)aS • (B-22) 
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By repeating this index shift in the last three spinor indices and anti-symmetrizing in the vector indices, 
one finds the following relation for the antisymmetric part of (7^^ C)a/3 {ix^ C)jS in 1^, v: 

(7^f^C')c«^(7'^]AC)^5 = C^,{^^^C\f, - C„^(7'^^C)5^ - Cfisici^^C^o. + (t'^" • (B.23) 
Correlator {Sc^SpS^Si^S^S') 

The novel tensors here arc (7^C)a'^ (7ApC')/37 (t^C')^'' cind permutations in the spinor indices thereof. 
The antisymmetric piece in the indices e, 1 can be expressed in terms of simpler 7 matrix combinations: 

{l^C\^'{lXpC)^^{-i\p\C)5^ = Ca^(7AC)[/(7^C)5f + C5^(7aC)[/(7^C),]^ 

- C„;3(7AC)[^^(7^C)5f - C5^(7AC)[^^(7^C),f - (7A C)[/ (7^ C)^]^ (B.24) 

B.3 D = 10 dimensions 

Most of the following tensor identities can be traced back to the fundamental relation 

(7''C')„;3(7^C),, + h''C)f)^i^^CU + {rC)^a{7,.C)^s = 0, (B.25) 

due to the fact that (S')®^^(g) (S*) does not contain any scalars. Here (5)'^='^ denotes a totally symmetric 
threefold tensor product of the left-handed S0{1,9) spinor representation (S). 

In general, correlators in Z? = 10 dimensions will involve more independent Lorentz tensors, which 
enter more difficult relations compared to their D = 6 relatives. Observe, for instance, that no direct 
analogue of the relations (B.3) and (B.4) holds. 

Correlator {SaSjsS^Ss) 

The Fierz identity (A. 27) with ipa = (7'*C)a7 and X(3 = {lnC)i3S admits to eliminate 

ir'^^Q^pi^^.xC^S = 12((7^C)«5(7;.C)^7 - (7''C)«^(7mG)/35), (B.26) 
and {'y'^C)a'y{'JnC)j3s is redundant by (B.25). 

Correlator (SaSpS'^S^) 

Setting V'a = X/3 = and = (7'^"C)„^ xp = (7/..^)/ in (A.27) as well as = Ca\ = 
Cs^ and V'a = i'y^C)a-y, X^ = (jnC)^^ in (A. 28) gives rise to the following identities: 

{l'"'C)J{l,..C)p' = - SCjCp'' + 4(7'^C)„^(7^C)^^ (B.27) 

h^'^^CUi^^^xCy' = 48(C„^C/ - C/C/), (B.28) 

(7^"^''C)„^(7M.ApC)/ = -48C„^C/ + 288C„^C/3^ + 48(7'^C)„^(7MCr'> (B.29) 

{^''^'^CUi^uXprCy' = 1920 (C,^ C/ + C„^C^^) - 240(7'^ C)„^(>C)^^ (B.30) 
Hence, the three tensors on the right hand side are sufficient to express {SaSpS'^S^). 
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Correlator (ipi'SaSpS^S^) 

The six tensors Ca^{'^^C)p.y, {'y'^j'^C)a^{'yi,C)^^ and permutations in a,/?, 7 can be used to express 
this correlation function. However, (B.25) multipUed by (^jt^Y^ admits to eliminate one of them: 

Correlator {tl;''ip'' SaSpS^Ss) 

Among the fifteen tensors obtained from r]^'^{^'^C)ai3ijxC)^s, {l^C)ap{YC)^s and {^^''^C)ap{'^xC)-^s 
and permutations in a, ^5, 7, 5, there are four relations. Wc choose to work with antisymmetric 7- 
products because then the tensors involving rj^'^ decouple from the others in the relations. Equation 
(B.25) directly implies 

(7^ C)^p (7A C)^5 + V"" (7^ C)a^ (7A C)ps + r?'^" (7^ C)aS (7A C)^0 = , (B.32) 
and from (B.31) we derive: 

= {7''''^CU{7xC)^s + {l^''^C)a^{lxC)sp + ii^'^CUilxQp^ 
+ {l''C)^s{YCU - h''C)^ls{YC)^s + (7''C)^5(7^C)«^ 
- (7'' C)a^ {Y C)fis + il" C)p^ (7" CU - il" CU (7" C')/37 , (B.33) 

In the result (6.4) for this correlator, we have used only two out of the three independent permutations 
of relation (B.33) to eliminate {-/'^''^C)a'y{jxC)i3s and {'y'^''^C)0s{lxC)a'y The missing third identity 
can be recast as 

(7^"^C')„^(7aC)^5 + (7'''^^C)„5(7aC)^^ + (7^"^C)-,^(7aC),5 

+ (7'^'^^C')^5(7aC),/3 - 4(7['^C)a^(7'^]C)^5 = 0. (B.34) 

Correlator {^b^iP" SaSf^S"* S^) 

This correlator can be expressed in terms of r]t"'Ca''C^\ v''" C)ai3 {lxCp\ (7^" C')^,/? (7^" C)^"^, 
C)ais {T (7^^ T C)cP C/, (7^ 7^ C)c,^ (7^ 7a C)(s^ and permutations in a, /3, 7, S. In addition 

there are (7'^ 7'^ 7''* C)q,^ (7^ C)^^ and {^^ ^ ^ C)'^^ {'y\C)a/3- However only twelve of these fifteen 
index terms are independent. One relation is found be replacing 1/ with A and /x with v in (B.31) and 
multiplying with 7'*i'i', another by treating the complex conjugate of (B.31) in the same manner: 

(7^ r 7' CU (7A cy' = -2 (7^ CU ir - 7' CU ii" 7A c)/ - (7^^ 7' c)J {Y ix c^)/ , 
(^M 7- Y cy^ (j, CU = -2 {Y CU (Y cf - (Y Y cu iY Y c)/ - (7^^ 7' cu (Y Y c)J 
-2 (7^^ Y c)a'' + 2 (7'' Y c)J - 2 (7'^ Y CU cJ + 2 r c)p' c:< . 

(B.35) 
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A third equation is found by symmetrizing the previous result in the vector indices /x and v: 

7^ C)/ {Y IX C)a^ = 2 r?'^^ (7^ CU (7a Cf' - 2 (7^^ CU - 2 {Y il^ Cf' 

-{l^ 7' C)o? (7^ 7A C)/ - (7'' 7' C)J (7^^ 7A C)^'' - (7'' 7^ C)^^ (7^^ 7A C)j . 

(B.36) 

Correlator {Sa^SpS^SsS.S') 

The relevant index terms for this correlator are (7^ C)ai3 i^ln C)^s (7,4 C)^/? (71^ C)^5 (7^ t''' C)^'' and 
permutation in the spinor indices thereof. Using (B.25) one can eliminate six out of the fifteen tensors 
of the first type. Changing the index 5 in (B.31) to i and multiplying with (7,^ C)se gives rise to the 
relation: 

(7'^ r C)J {^^ C)^, (7. C)i, + (7^^ r C)/ (7;. C),^ (7. C)s, + (7'' r C),' (7^ CU (7. = . 

(B.37) 

By permuting the spinor indices in this equation one obtains eight further independent relations, which 
can be used to eliminate in total nine tensors of the second type. 

Correlator {SgSi^S^S^ S^S') 

This correlations function can be expressed in terms of the 24 tensors C^^ (7^ C)a/3(7/i CY'' 

(^M^i^ C)a'^ (7^ C)/37 ilv and permutations in the spinor indices. However only 16 of these are in- 
dependent. By multiplying (B.25) with ^^^^ C)^'' and proceeding in the same way with the complex 
conjugate of (B.25) one obtains the equations 

(7^^ r c)j (7^ c)0,, (> c)- + (7^ r c)p' (7^ c)^, (7. cr + (7^^ r c)/ (7^ cu (> cr = , 

(7^^ 7" C)j (7;. Ch^ (> C f + (7^^ 7" C),^ (7m C)p, (7. Cf + {r r C)J (7^ C)f,^ (7. C)^^ = . 

(B.38) 

Upon permutation in the spinor indices these yield five independent equations, which are sufficient to 
reduce the number of index terms to 16. 
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